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3Chapter 1
General Introduction
1.1 General Background
Recently, wireless power transfer (WPT) systems have attracted considerable attention.
In systems having WPT system, electrical energy is transformed from a power source to
a load without the connection of electrical cables. It can be stated that the concept of
WPT system is not a new idea. The rst person to introduce the concept of the WPT was
Nikola Tesla. Tesla demonstrated the illumination of lamps without electrical connections
by using a high frequency electrostatic eld in 1893 [1]. The next major achievement was
demonstrated by William Brown. His demonstration was that a small helicopter can y
60 feet away by microwave beam [2]. The interest in WPT research eld increased after
his accomplishments. The breakthrough in WPT research eld occurred in 2007 by an
MIT research team. In their experiments, a 60 W light bulb was illuminated wirelessly
from a power source 2 meter distance with an incredible high eciency of 40 % based
on strongly coupled magnetic resonance [3]. Of course, the recent growth in WPT eld
has also been contributed by low-loss and small-size electric components associated with
information-communication technology innovations. For promoting more practical uses
of WPT systems, it is necessary to enhance the overall eciency of WPT systems.
WPT can be achieved by magnetic eld coupling, electromagnetic eld coupling, or
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microwave coupling [4]. WPT via magnetic induction is referred to as \inductively cou-
pled WPT". The inductively coupled WPT system has gained a lot momentum recently.
This is because this system is suitable for near or middle-distance applications, such as
wireless charging for electric vehicles, mobile devices, medical implants, and so on. Ad-
ditionally, several standards for inductively coupled WPT systems, for example, \Qi" [5]
and \Rezence" [6], have been developed for a better integration of various charging de-
vices. The inductively coupled WPT system is basically composed of three parts, which
are dc-ac inverter, inductive coupled coils, and ac-dc converter [4]. The dc-ac inverter
and the ac-dc converter are referred to as \transmitter" and \receiver", respectively. For
transmitting electrical energy wirelessly, it is needed to generate a high frequency alter-
nating current and feed it in the coupled coil at the transmitter side. In addition, the
conversion of the alternating current to a dc voltage in the receiver side is also required
for dc-load applications. Therefore, a dc-ac inverter for generating a high frequency al-
ternating current and an ac-dc converter for converting the ac current to a dc current are
necessary parts in WPT systems.
In practical inductively coupled WPT systems, high overall eciency and compact sys-
tem scale are strongly required. The system size is reduced and the transfer distance can
be extended as the operating frequency increases. Therefore, it is eective and important
to design high frequency WPT systems. There are, however, technical limitations for its
achievement. From the circuit theory point of view, there are two major factors for overall
eciency degradation. One is power losses at coupled coils induced by high equivalent
series resistances (ESRs) of themselves and the other is losses at power converters. Previ-
ous researches of WPT systems have only been focusing on enhancing the eciency of the
wireless coupled part, namely the coupled coils. New coil shapes, materials, and design
methods have been developed, which leads to better performance. It is, however, also im-
portant to enhance the power-conversion eciency of the power converters for achieving
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high overall eciency.
In inductively coupledWPT systems, high-frequency resonant dc-ac inverters are mainly
utilized as a dc-ac inverter. This is because inductive coupled WPT systems are operated
at resonance or near resonance. Namely, the current owing through the transmitting coil
has to be a sinusoidal current. Basically, high-frequency resonant dc-ac inverters contain
a resonant circuit and a transistor as a switching device. By using the transistor as a
simple switch, the drain current and the drain-to-source voltage, which is called switch
voltage, never appear simultaneously at the transistor. Therefore, the power losses at the
transistor are drastically suppressed and high power-conversion eciency can be achieved
[7]. The class-D inverter is one of the resonant inverters. The class-D inverter has, how-
ever, the characteristic of the hard switching, where the hard switching means that the
switch voltage is not zero at the turn-on instant. Due to a parasitic capacitance in actual
switching devices, the stored energy in the capacitance is instantly dissipated as a heat
at the turn-on instant, which is called \switching loss". Because switching losses occur at
every switching, the amount of switching losses is proportional to the switching frequency.
In the case that the switching number is low, namely the low frequency operation, the
switching loss may be negligible. Conversely, the switching loss is dominant power-loss
factor at high frequency class-D inverters. Although the dc-ac inverter should operate
at a high frequency in the WPT system, the power-conversion eciency of the class-D
inverter decreases as the increase in the frequency.
The class-E inverter is also a resonant inverter. No switching loss occurs in the class-
E inverter by satisfying the class-E zero-voltage switching and zero-derivative switching
(ZVS/ZDS) conditions. The class-E ZVS/ZDS conditions mean that both the switch volt-
age and its derivative are zero at the turn-on instant. Therefore, the class-E inverter can
achieve a high-power conversion eciency at high frequencies, which is a big dierence
compared with the class-D hard-switching inverter. Since the introduction of the class-E
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inverter [8], many analytical descriptions of this circuit have been published. Addition-
ally, many applications of the class-E inverter, such as dc-dc converter [9], inverter with
impedance inverter [10], lamp ballast [11], high-power-factor inverter [12], and so on, were
proposed. However, most of the previous researches have been focusing on the class-E
inverter with the class-E ZVS/ZDS conditions, which is called \nominal operation" For
achieving the class-E ZVS/ZDS conditions at the inverter, the component values should
be determined uniquely. Namely, the class-E ZVS/ZDS conditions are achieved at a
certain parameter set and non-nominal operations appear even when system parameters
vary from the nominal conditions slightly. When a practical WPT system with the class-
E inverter is considered, it is important to comprehend the characteristics of the WPT
system against system parameter variations. For example, coupling-coecient variation,
which occurs due to the distance and location variations between the transmitter and
the receiver, greatly aects the system performance, such as output power and overall
eciency. Therefore, it is necessary to analyze the class-E inverter outside the class-E
ZVS/ZDS conditions, namely at any system parameter.
There are technical problems for the implementation of a high frequency class-E in-
verter. At high frequency operations, it is necessary to design the complex driver circuit
for generating a high frequency driving signal. This problem can be solved by using a
feedback power, which is a part of the output power, as a driving signal, which is related
to an oscillation phenomenon. The class-E oscillator is the oscillator that has the class-E
switching property. The oscillator is oscillated by the feedback voltage transformed from
the output voltage [13], [14]. Therefore, there is no need to implement a driver circuit in
the class-E oscillator. In addition, a high power conversion eciency can be achieved in
the oscillator because the oscillator operates without a driving signal and the feedback
current is low compared with the output current. A limitation of the oscillator is that
the free-running frequency, namely the oscillating frequency, usually has a small error
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from the specied frequency owing to component tolerances. In several applications of
the class-E oscillator including the WPT system, accurately specied frequency opera-
tions are required for practical usage that considers the radio law and phase noise. The
injection locking technique [15] is one the solutions for this problem.
In the injection-locked class-E oscillator [16], the injection circuit is added to the class-E
free-running oscillator for oscillation frequency stabilization. When the feedback voltage
of the free-running class-E oscillator is synchronized with the small injection signal, the
frequency of the class-E oscillator can be xed at the injection signal frequency. Analytical
expressions of the locking ranges have been previously reported in [16] on the basis of
Adler's equation [15]. Although the locking ranges of injection-locked class-E oscillator
can be approximately estimated, this analysis is only valid for the case in which the
injection signal is a sinusoidal waveform. For the implementation point of view, it is
useful to predict the locking ranges on various injection-signal waveforms.
In recent researches about WPT systems, traditional rectiers, which are the half-wave
rectier and the bridge rectier, have been used as ac-dc converters. The main losses
in the rectier are the conduction loss and the switching loss of the rectifying element.
The switching loss of the ac-dc rectier can be also reduced by applying the class-E
switching technique as well as the dc-ac inverter. Additionally, the half-wave rectier and
the bridge rectier have a non-sinusoidal input current. This aects the performance of
the transmitter, namely the dc-ac inverter, because the typical transmitter operates at
resonance or near resonance and generates a sinusoidal current.
The class-E rectier is one of the rectiers, which converts a sinusoidal voltage into
a dc voltage. This rectier can have a sinusoidal input current, which is the dierence
from the traditional rectiers [17]. Additionally, the class-E rectier can achieve a high
power-conversion eciency at high frequencies because of the class-E ZVS/ZDS at the
turn-o instant. From these specications, it is suitable to apply the class-E rectier to
1. General Introduction 8
WPT systems for enhancing the overall eciency.
1.2 Research Works
This thesis presents analyses and designs of the class-E switching circuits for inductively
coupled WPT systems.
First, analytical expressions for steady-state waveforms, output power, and power con-
version eciency of the class-E inverter outside the class-E ZVS/ZDS conditions at a
high Q and any duty ratio are presented. By considering non-nominal operations, the
applicable parameter range of the analytical expressions is much wider than that of the
previous analytical expressions. By carrying out the PSpice simulations and the circuit
experiments, it is shown that the analytical predictions agreed with the simulated and
the experimental results quantitatively, which validates the accuracy of the obtained an-
alytical expressions. These analytical expressions can be applied to WPT systems with
the class-E inverter.
Second, a numerical locking-range prediction for the injection-locked class-E oscillator
using the phase reduction theory (PRT) is presented. This high power-conversion e-
ciency oscillator can be utilized in WPT systems. By applying this PRT to the injection-
locked class-E oscillator designs, the locking ranges of the oscillator on any injection-signal
waveform can be eciently obtained. The locking ranges obtained from the proposed
method quantitatively agreed with those obtained from the simulations and circuit ex-
periments, showing the validity and eectiveness of the locking-range derivation method
based on PRT.
Third, an analytical design procedure and an eciency-enhancement theory for the in-
ductive coupled WPT system with class-E2 dc-dc converter, which consists of the class-E
inverter and the class-E rectier, are presented. By using the analytical expressions, it is
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possible to obtain component values of the class-E2 WPT system for achieving the class-E
ZVS/ZDS conditions. Additionally, the analytical expressions suggest designers how to
determine the component values for power-delivery eciency enhancement. I propose that
component values of the rectier are used for the power-delivery eciency enhancement
and the output power is adjusted by the inverter component values. The analytical pre-
dictions agree with the PSpice-simulation and experimental results quantitatively, which
showed the validities of the analytical expressions and the design procedure. In the labora-
tory experiment, the WPT system for 10 cm coil distance achieved 77:1 % power-delivery
eciency with 10 W (50 
/22.4 V) output power at 1 MHz operating frequency.
Fourth, analytical expressions of the class-E2 WPT system at any system parameter are
presented. By considering non-nominal operations of the class-E inverter, system behavior
at any system-parameter set can be expressed accurately. For example, the output power
and the power-delivery eciency as functions of coupling coecient and load resistance
are given. It is claried from the analytical expressions that the ZVS condition is always
satised when the coupling coecient decreases or the load resistance increases from
the nominal value. Additionally, the switching-pattern distribution map of the class-E2
WPT system in a parameter space is illustrated from the analytical expressions. By
using the distribution map, the WPT system achieving the ZVS at any load resistance
conditions can be designed, which is one of the applications of the analytical expressions.
The analytical predictions agreed with the PSpice-simulation and experimental results
quantitatively, which showed the validities of the analytical expressions.
These results enhance the power-delivery eciency of the WPT systems and give de-
signers the comprehension of system performances. It is expected that the results in
this thesis contribute to ecient-energy usage and comprehensive understanding in WPT
systems.
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1.3 Outline of Thesis
Figure 1.1 shows an outline of this thesis and relationship among chapters and sections.
Chapter 2 is dedicated to the basics of the inductive coupling WPT system. It starts
o with a summary of magnetic induction theory and then delves into coupling states of
coils, which are the loosely inductive coupling and the resonant inductive coupling. The
resonant class-D and -E inverters and the class-E oscillator along with the injection-lock
technique are introduced as dc-ac inverters. Additionally, the class-D and -E rectiers are
shown as ac-dc converters.
Chapter 3 shows waveform equations, output power, and power conversion eciency
for the class-E inverter outside the class-E zero-voltage switching and zero-derivative
switching (ZVS/ZDS) conditions. By considering non-nominal operations, the applicable
parameter range of the analytical expressions is much wider than that of the previous
analytical expressions.
Chapter 4 proposes a numerical locking-range prediction for the injection-locked class-E
oscillator using the phase reduction theory (PRT) is presented. By applying this method
to the injection-locked class-E oscillator designs, the locking ranges of the oscillator on
any injection-signal waveform can be eciently obtained.
Chapter 5 shows an analytical design procedure and an eciency-enhancement theory
for the WPT system with class-E2 dc-dc converter are presented. By using the analytical
expressions, it is possible to obtain component values of the class-E2 WPT system for
achieving the class-E ZVS/ZDS conditions. The presented analytical procedure and the
eciency enhancement theory can be adopted for other WPT systems.
Chapter 6 shows analytical expressions of the class-E2 WPT system for any set of
parameters are presented by considering non-nominal operations of the class-E inverter.
Eects of coupling-coecient and load variations to the system can be expressed by
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obtained analytical expressions. Additionally, a design of the system for achieving the
ZVS at any load resistance is presented by using the analytical expressions.
Chapter 7 makes overall conclusions and gives future problems.
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Figure 1.1: Outline of this thesis.
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Chapter 2
Inductively Coupled Wireless Power
Transfer System
●● ABSTRACT ●●
In this chapter, each part of the inductively coupled WPT system is explained. The
WPT system basically consists of three parts, which are dc-ac inverter, inductive coupled
coils, and ac-dc rectier. The inductive and resonant coupling are mainly applied as the
wireless coupling part in WPT systems. The inductive coupling is used for the applications
that the distance and/or position between the transmitter and the receiver are relatively
closed, namely strongly coupling. On the other hand, a high eciency power transfer
can be achieved by the resonant coupling even if the system has a loosely coupling. For
achieving a high power-delivery eciency in WPT systems, it is also important to enhance
the power-conversion eciencies both of the dc-ac inverter and the ac-dc rectier. As
high eciency power converters, class-E inverter, class-E oscillator, and class-E rectier
are introduced in this chapter.
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2.1 Introduction
Figure 2.1 shows a basic conguration of an inductively coupled WPT system. The
WPT system consists of dc-ac inverter, inductive coupling part, and ac-dc rectier [1].
The dc-input voltage is converted into a high frequency alternating current by the dc-
ac inverter. The current ows through the transmitting coil of the coupling part, which
transforms the current into a high frequency magnetic eld. The magnetic eld is received
at the receiving coil, which transforms the magnetic eld into an ac voltage. The ac voltage
is converted into a dc voltage by the ac-dc rectier. These are the operating principles of
the WPT system.
The inductive coupling can be regarded as an ac transformer with a high leakage in-
ductance. Such a transformer is called \loosely coupled transformer" [2]. A small amount
of the magnetic ux generated by the transmitting coil is received in the receiving coil.
As a result, the induced voltage of the receiving coil is generally low and the eciency
is also low in the case that the system has a loosely coupling transformer. The resonant
coupling is the ecient solution of the loosely coupling transformer. By resonating the
coupling coils with capacitances, the power is eciently transferred even if the system has
a loosely coupling transformer. This is because the real part of the reected impedance
in the inverter, which includes the rectier and the coupling coils, is increased by the
resonance. By assuming that only the power loss in the transmitting coil occurs in the
inverter, the eciency of the inverter part can be simply obtained as 1=(1 + RL1=Req),
where RL1 is the equivalent series resistance of the transmitting coil and Req is the real
part of the reected impedance. Therefore, a high real part of the reected impedance
leads to a high power transfer eciency.
Although the eciency of the coupling part is important, the power-conversion e-
ciencies of the dc-ac inverter and the ac-dc rectier should be taken into account for
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enhancing the overall eciency of the WPT system. Because WPT systems are generally
operated at resonance or near-resonance, a sinusoidal current has to be generated at the
dc-ac inverter. Ideal sinusoidal current can be generated by linear ampliers, which are
class-A, -B, or -C ampliers. However, these ampliers have a low power-conversion e-
ciency characteristics since the drain current and the drain-to-source voltage waveforms
overlap at the transistor [3]. Therefore, resonant inverters, which generate a sinusoidal
current by switching operation and a resonant network, are generally used in WPT sys-
tems because of their high eciency operation. The resonant inverters have a theoretical
power-conversion eciency of 100 % although 100 % eciency may not be achieved due
to the conduction losses in parasitic resistances and the switching losses. The switch-
ing loss is the dominant power loss in resonant inverters when the inverters operate at
high frequencies and hard switching. Hard switching means that the voltage across the
parasitic drain-source capacitor of the transistor is not equal to zero at turn-on timing.
In that case, the energy stored in the parasitic drain-source capacitor is instantaneously
dissipated as a heat at turn-on timing, which is called switching loss. The switching loss
is proportional to the switching frequency. Therefore, a high frequency operation leads to
a low power conversion eciency of the inverter. For reducing the switching losses, the
class-E zero-voltage and zero-derivative switching (ZVS/ZDS) technique was introduced.
The class-E ZVS/ZDS are the conditions that the drain-source voltage of the transistor,
which is generally referred to as switch voltage, and its derivative equal zero at the turn-on
instant. By satisfying the class-E ZVS/ZDS in a resonant converter, the switching loss
can be theoretically minimized to zero, which leads to a higher power-conversion eciency
operation in the resonant inverter.
For delivering the received power to a dc load, it is necessary to utilize an ac-dc con-
verter. It is also important to enhance the power-conversion eciency of the ac-dc con-
verter for a high eciency operation in WPT systems. In recent researches about WPT
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systems, traditional rectiers, such as the half-wave rectier, the bridge rectier, and so
on, have been used. The main losses in the rectier are the conduction loss and the switch-
ing loss of the rectifying element. The half-wave rectier and the bridge rectier have a
non-sinusoidal input current. This aects the performance of the transmitter, namely
the inverter, because the typical transmitter operates at resonance or near resonance and
generates a sinusoidal current. This problem can be solved by using a current-driven
rectiers, which can have a sinusoidal input current. In addition, the switching loss of
rectiers can be also reduced by applying the class-E ZVS/ZDS technique.
2.2 Inductive Coupling
2.2.1 Operating Principle of Inductive Coupling
When two circuits aect each other through a magnetic eld generated by either one of
the two, they are in the state of magnetically coupling or inductively coupling. Namely,
two circuits are inductively coupled when a magnetic ux generated by the coil of one
circuit enters the coil of the other one.
Faraday's law states that a voltage v is induced in a single coil as shown in Fig. 2.2(a),
which is proportional to its number of turns N and time rate of change of the magnetic
ux  crossing the coil, namely
v = N
d
dt
: (2.1)
According to Ampere's law, the magnetic ux  is expressed as
 =
0NAi
w
; (2.2)
where 0, A, and N are the permeability in vacuum, particularly 0 = 4 10 7 H/m, the
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area and the width of the coil, respectively, From (2.2), (2.1) rewritten as
v =
0N
2A
w
 di
dt
= L
di
dt
: (2.3)
This eect is called \self-induction". L is the self-inductance of the coil and
L =
0N
2A
w
; (2.4)
If two coils are in each other's vicinity, a current i1 in one coil L1 sets up a magnetic
ux 1 through the other coil L2 as shown in Fig. 2.2(b). When this ux is changed by
changing i1, an induced voltage v2 appears in L2. From (2.1), the induced voltage v2 is
given as
v2 = N2
d1
dt
; (2.5)
where N2 is the number of L2 coil windings. 1 is proportional to i1, namely
v2 =M12
di1
dt
: (2.6)
In the same way, a current of L2, namely i2, induces a voltage on L1, which is
v1 =M21
di2
dt
: (2.7)
In (2.6) and (2.7), M12 and M21 are the mutual inductances of L1 with respect to L2 and
vice versa. From the principle of reciprocity, we have
M12 =M21 =M: (2.8)
M is dened as the mutual inductance between two coils. It is proportional to the product
N1N2 and depends on the geometry of the coils, coils' position, and surrounding materials
that inuence the magnetic eld.
Two induction properties, which are the self-induction and the mutually induced volt-
age, act simultaneously. Thus, v1 and v2 as shown in Fig. 2.2(b) are described by following
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set of equations:
v1 = L1
di1
dt
+M
di2
dt
; (2.9)
v2 = L2
di2
dt
+M
di1
dt
: (2.10)
The above equations are reformulated in terms of the complex signal amplitude as
V1 = j!L1I1 + j!MI2; (2.11)
V2 = jL2I2 + jMI1: (2.12)
where ! = 2ft and f is the frequency of V1.
In general, not all of the ux produced by L1 is coupled to L2. Namely, the magnetic
ux leaks. Therefore, the mutual inductance can be expressed as
M = k
p
L1L2; (2.13)
where k is the coupling coecient. When the two coils are tightly coupled so that all of
the ux produced by L1 enters L2, k = 1. It is an ideal situation because it is impossible
to wind two coils so that they share the same magnetic ux precisely.
2.2.2 Loosely Inductive Coupling
The strength of the coupling is expressed as the coupling coecient k. For k > 0:5,
the two coils are \tightly coupled" and for k < 0:5, they are \loosely coupled" [4]. An
ac transformer with a magnetic core can be regarded as a tightly coupled transformer
because it is generally wound around a common magnetic core. A magnetic core helps to
share the magnetic ux each other. Therefore, the AC transformer has a high coupling
coecient at least 0:9. An ac transformer with an air gap can be regarded as a loosely
coupled transformer. This is because a small amount of the magnetic ux is shared in the
transformer due to an air gap, which leads to a low coupling coecient. In inductively
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coupled WPT systems, coupled coils has inevitably an air gap. Therefore, the inductive
coupling in the WPT system can be regarded as a loosely coupled transformer.
Figure 2.3(a) shows an example circuit to demonstrate the inductive coupling from the
view point of circuit theory. The circuit consists of ac-voltage source v1, coupled coils L1
and L2, ac-load resistance RL, and equivalent series resistances (ESRs) of coils r1 and r2.
The equivalent series resistance is also referred to as the parasitic resistance. From (2.11),
(2.12), and Kirchho's voltage law (KVL), we have
V1 = r1I1 + j!L1I1   j!MI2; (2.14)
j!MI1 = j!L2I2 + r2I2 +RLI2: (2.15)
From the above equations, the impedance seen by the ac-voltage source Z1, namely the
reected impedance, can be expressed as
Z1 =
V1
I1
= r1 +Req + j!Leq = r1 +
!2M2(RL + r2)
(RL + r2)2 + !2L22
+ j!

L1   !
2L2M
2
(RL + r2)2 + !2L22

;
(2.16)
where Req and Leq are the equivalent resistance and inductance in the transmitter side
as shown in Fig. 2.3(b). Because only the conduction losses due to resistive components
occur in this circuit, the overall eciency of this circuit can be approximately obtained
from (2.16) as
LIC =
Req
Req + r1
 RL
RL + r2
=
1
1 +
r1
Req
 1
1 +
r2
RL
: (2.17)
As given in (2.17), the overall eciency  decreases as Req decreases. A loosely inductive
coupling leads to the decreases in Req because of a low coupling coecient k, namely a
low M . Therefore, a loosely coupled WPT system suers from a low eciency property.
Additionally, the power factor of v1 may be low due to the imaginary part of Z1. A high
amplitude of i1 is required for transferring a specied power. As a result, the conduction
loss in r1 increases as i1 increases, which also leads to a low eciency.
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2.2.3 Resonant Inductive Coupling
The resonant inductive coupling is an eective solution for enhancing the eciency
of a loosely coupled transformer [5], [6]. There are four types of the resonant coupling
[1], which are series-series, series-parallel, parallel-series, parallel-series types as shown in
Fig. 2.4. Here, the series-series type is introduced because of its easily comprehensible
expressions.
By applying the series capacitors C1 and C2, which are referred as the series resonant
capacitor or the compensation capacitor, (2.16) can be rewritten as
Z1ss = r1 +
!2M2(RL + r2)
(RL + r2)2 +

!L2   1
!C2
2
+j
26664!L1   1!C1  
!2M2

!L2   1
!C2

(RL + r2)2 +

!L2   1
!C2
2
37775 : (2.18)
At resonance, namely !L1 = 1=!C1 and !L2 = 1=!C2, (2.18) is
Z1ssr = r1 +Reqr = r1 +
!2M2
(RL + r2)2
: (2.19)
As given in (2.19), the equivalent resistance Reqr is maximized by the resonance. In
addition, the imaginary part is equal to zero, which leads to the unity power factor of
v1. As a result, a high eciency can be achieved and more power can be delivered to
the load resistance compared with the non-resonant coupling. On the other hand, Reqr
increases as the operating frequency increases. Therefore, it is eective to operate in high
frequencies for enhancing eciency of coupling part. However, when a system operates in
higher frequencies, ESRs of coils r1 and r2 become higher because of the proximity eect
and the skin eect [2]. From these facts, the design of inductively coupled WPT systems
has lots of diculties for maximizing the eciency.
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2.2.4 Standardization activities for Inductive Coupling WPT
systems
In order to create universal standards for inductive coupling wireless power charging
systems, some associations have been established, such as \Wireless Power Consortium
(WPC)" and \Alluance for Wireless Power (A4WP)". The WPC standard is referred as
\Qi" [7]. The Qi standard was introduced for charging of portable devices. Systems
under the Qi standard transfer around 5 W power to a load by near eld magnetic
induction between planar coils and operate at frequencies in the range of 100 to 205
kHz. The distance between coils is typically 5 mm. Figure 2.5 shows the basic system
conguration of the Qi standard [7]. \Power Transmitter" consists of \Power Conversion
Unit" and \Communication and Control Unit" as shown in Fig. 2.5. An alternative
current is generated by the Power Conversion Unit and the current is fed into the primary
coil for generating a magnetic eld. The Communications and Control Unit regulates the
transferred power to the level, which is requested by \Power Receiver". \Power Receiver"
consists of \Power Pick-up Unit" and \Communications and Control Unit" as shown
in Fig. 2.5. A magnetic eld generated by the Power Transmitter is captured by the
secondary coil and it is converted into an alternative current. The current is rectied by
the Power Pick-up Unit. The Communications and Control Unit regulates the transferred
power to the level, which is appropriate for the subsystems connected to the output of
the Power Receiver.
The A4WP standard is referred as \Rezence" [8]. Although the Rezence was also devel-
oped for charging of portable devices, its aim is for improving the power range and spatial
freedom of devices. Systems under the Rezence standard transfer up to 50 W power to
a load by resonant inductive coupling and operate at the frequency of 6.78 MHz. Up to
eight devices can be powered from a single transmitter depending on transmitter and re-
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ceiver geometry and power levels. Figure 2.6 shows the basic conguration of the Rezence
standard [8]. \Power Transmitting Unit (PTU)" consists of three main units which are a
resonantor and matching unit, a power conversion unit, and a signaling and control unit.
\Power Receiving Unit (PRU)" also consists of three main unit like the PTU. The Blue-
tooth Smart Link is implemented for control of output power, identication of valid loads,
and protection of non-compliant devices. The control and communication protocol is de-
signed as bidirectional and is used to provide feedback to enable eciency optimization,
over-voltage protection, under-voltage avoidance, and rouge object detection.
2.3 DC-AC Inverter
2.3.1 Class-D Resonant Inverter
The class-D resonant inverter was invented in 1959 by Baxandall [10]. The circuit
consists of two switches, namely transistors, and a series-resonant circuit. The switches
are driven in a way that they are alternately switched ON and OFF. If the loaded quality
factor of the resonant circuit is suciently high, the current through the resonant circuit
is sinusoidal wave and the currents through the switches are half-wave sinusoidal. The
voltages across the switches are square wave, whose amplitudes are dc-supply voltage.
Figure 2.7(a) shows the circuit topology of the class-D inverter [9]-[19]. The inverter
consists of dc-supply voltage VI , two switches S1 and S2, and resonant circuit L C  R.
The switches are driven by non-overlapping rectangular-wave voltages vg1 and vg2 at the
operating frequency f . Namely, the switches are alternately ON and OFF.
The analysis of the class-D inverter is based on the following assumptions:
a) The series resonant circuit, which is tuned to the operating frequency f , namely
f = 1=2
p
LC, is ideal, resulting in a sinusoidal current.
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b) The switches act as ideal switches, namely they have zero on-resistances, innite
o-resistances, zero switching times, and null output capacitance.
c) All components are ideal.
d) The circuit operations are considered in the interval 0   < 2, where  = 2ft is
the angular time.
From the above assumptions, the equivalent circuit of the class-D inverter is illustrated
in Fig. 2.7(b).
Assuming a 50 % duty ratio of the switches, the switch voltage vs1() is a periodical
square wave as shown in Fig. 2.8.
vs1 =
8>><>>:
VI ; for 0   < 
0; for    < 2
(2.20)
By applying Fourier analysis to (2.20), we have
vs1() = VI
 
1
2
+
2

1X
n=1
sin(2n  1)
2n  1
!
: (2.21)
Because of the assumption a), the output current is sinusoidal, namely
io() = Io sin  =
2VI
R
sin ; (2.22)
which gives a sinusoidal output voltage
vo() = Vo sin  =
2VI

sin : (2.23)
The collector currents is1 and is2 are half sinusoidal with the amplitude Io.
The output power, which is dissipated in the load resistance RL, is given as
Po =
I2oR
2
=
2V 2I
2R
 0:2026V
2
I
R
: (2.24)
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The dc-input power is
PI = VIII =
2V 2I
2R
= Po: (2.25)
Therefore, the collector eciency is 100 %.
 =
Po
PI
= 1: (2.26)
2.3.2 Class-E Resonant Inverter
The class-E resonant inverter was introduced in 1975 by the Sokals [20] By satisfying
the class-E zero-voltage switching (ZVS) and zero-derivative switching (ZDS) conditions
in this inverter, high eciency operation can be achieved at high frequencies.
Figure 2.9(a) shows a circuit topology of the class-E inverter [3], [9], [20]-[28]. The
inverter consists of dc-supply voltage VI , dc-feed inductor LC , switch S, shunt capacitor
CS, and series resonant circuit L   C   R. Example waveforms are shown in Fig. 2.10.
The switch S is driven by vg. When the switch voltage vS satises the class-E ZVS/ZDS
conditions at turn-on instant, which are expressed as
vS() = 0 and
dvS
d

=
= 0; (2.27)
the class-E inverter can achieve high power-conversion eciency at high frequencies, where
the switch-on duty ratio is assumed as 50 %. This is because the switching loss is mini-
mized by the class-E ZVS/ZDS conditions.
The analysis below is based on the following assumptions:
a) The switch acts as an ideal switch, namely it has zero on-resistances, innite o-
resistances, zero switching times, and null output capacitance.
b) The dc-feed inductance LC is high enough so that the current through the dc-feed
inductance is dc-input current II .
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c) The loaded Q-factor of the resonant network, which is dened as Q = !L=R, is high
enough to generate a pure sinusoidal resonant current io with operating frequency
f .
d) All components are ideal.
e) The switch voltage satises the class-E ZVS/ZDS conditions.
f) The circuit operations are considered in the interval 0   < 2. The switch-on
duty ratio is 50 %.
From the above assumptions, the equivalent circuit of the class-E inverter is illustrated
in Fig. 2.9(b).
Because of the assumption c), the current through the series-resonant circuit is sinu-
soidal and given by
io = Io sin( + ); (2.28)
where Io is the amplitude of io and  is the phase shift between the driving signal vg and
io as shown in Fig. 2.10.
For 0   < , the switch is in on state. Therefore, the switch current iS is expressed
as
iS() = 0: (2.29)
On the other hand, the current through the shunt capacitor is
iCS = II   Io sin( + ): (2.30)
From (2.30), the switch voltage can be obtained as
vS() =
1
!CS
Z 

[II   Io sin(0+)]d0 = II(   ) + Io[cos( + )  cos( + )]
!CS
: (2.31)
By applying the class-E ZVS/ZDS conditions, the dc-input current II is
II =  2Io

cos; (2.32)
2. Inductively Coupled Wireless Power Transfer System 28
and
II =  Io   sin; (2.33)
From (2.32) and (2.33), the phase shift for satisfying the class-E ZVS/ZDS conditions is
 =    tan 1

2


= 2:574 rad = 147:5: (2.34)
From (2.31), the dc-voltage supply is expressed as
VI =
1
2
Z 2

vS()d =
II
!CS
: (2.35)
The voltages across the load resistance and the is
vR = ioR = VR sin( + ): (2.36)
For satisfying the class-E ZVS/ZDS conditions, the resonant circuit should be inductive
because it is required that the current through the resonant circuit has a phase delay. In
this analysis L is divided into Lr and Lx, where L0 are C realize resonant lter with ! as
shown in Fig. 2.9(b). The fundamental component of the voltage across the inductance
Lx is
vLx = VLx cos( + ); (2.37)
where VLX = !LxIo.
By applying Fourier trigonometric series formula to (2.31), the amplitudes VR and VLx
are obtained as
VR =
1

Z 2

vs sin( + )d =
4p
2 + 4
VI  1:074VI : (2.38)
and
VLx =
1

Z 2

vs cos( + )d =
(2   4)
4
p
2 + 4
VI  1:2378VI : (2.39)
From (2.38), the output power is obtained as
Po =
V 2R
2R
=
8
2 + 4
V 2I
R
 0:5768V
2
I
R
: (2.40)
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2.3.3 Class-E Oscillator
The class-E oscillator is composed of a class-E inverter and a positive-feedback network.
A part of the output power is transmitted to the switch gate through the feedback network.
Thus, the class-E oscillator can generate an ac power without a switch driving voltage,
which is related to vg in Fig. 2.9(a). Because of the class-E ZVS/ZDS conditions, the
oscillator can achieve high power-conversion eciency at high frequencies
Figure 2.11(a) shows a circuit topology of the class-E oscillator [29]-[36]. In this circuit,
the feedback network consists of voltage dividing capacitors C1 and C2, feedback inductor
Lf , and resistors Rd1 and Rd2 for supplying a bias voltage across the gate-to-source of
the switch. Because the switch turns on when the gate-to-source voltage is higher than
the gate threshold voltage Vth, the resistors Rd1 and Rd2 are necessary in the oscillator.
Figure 2.12 shows example waveforms of the class-E oscillator. The feedback voltage vf
controls the switch. During vf  Vth, the switch is in the \on" state. On the contrary, in
the case of vf < Vth, the switch is in the \o" state. During the switch to the o state, the
current through the shunt capacitance CS produces a pulse-like shape of the voltage across
the switch, . The switching losses are reduced to zero by satisfying the class-E ZVS/ZDS
conditions. In addition, the switch is controlled by a low feedback power, which also leads
to a high eciency operation in the oscillator.
2.3.4 Injection-Locked Class-E Oscillator
A limitation of the class-E oscillator is that the free-running frequency, which is also
referred as the oscillation frequency, usually has a small error from the specied frequency
owing to component tolerances. Therefore, accurately specied frequency operations are
required for practical usage that considers the radio law and phase noise. The injection
locking technique [36]-[41] is one solution for this problem. The injection lock allows the
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oscillator to achieve a high overall eciency and a high stability of oscillation frequency.
Both the frequency and the amplitude of the output voltage of injection-locked oscillators
are stable if an injection signal falls within the injection-locking range.
Figure 2.13 shows a circuit topology of the injection-locked class-E oscillator [36]. This
circuit consists of the class-E oscillator and the injection circuit, which is composed of
injection signal vinj, dc-blocking capacitor Cinj, and current-limiting resistor Rinj. There
are several type of injection circuits [37]-[41]. It is easy to achieve synchronization as the
injection signal power increases. However, a high power injection aects the waveforms
of the feedback voltage and switch-on duty ratio, which yields the design complexity.
It is necessary to conduct the total design of the free-running oscillator and injection
circuits for large perturbation. Additionally, a low injection-signal power is good from a
power-added eciency perspective.
2.4 AC-DC Converter
2.4.1 Class-D Rectier
The class-D rectier converts a sinusoidal voltage or current into a DC voltage or
current. The input source may be either a sinusoidal current source or a sinusoidal voltage.
Rectiers that are driven by a current source are called \current-driven rectiers" [9], [42]-
[44]. The diode current and voltage waveforms of the class-D rectier are similar to the
corresponding switch waveforms of the class-D inverter. Therefore, this rectier is referred
as the class-D rectier.
Figure 2.14(a) shows a circuit topology of the class-D current-driven rectier [9], [42]-
[44]. This rectier is consists of sinusoidal current source is, two diodes D1 and D2, large
lter capacitor Cf , and dc-load resistor RL. Figure 2.15 shows example waveforms of the
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class-D rectier. For is > 0, D1 is in on state and D2 is in o state. The current through
the diode D1 charges the lter capacitor Df For is < 0, D2 is in on state and D1 is in o
state. In this state, D2 acts as a freewheeling diode and provides the path for current is.
The on-duty ratio is 50 %.
The analysis below is based on the following assumptions:
a) The diodes act as ideal switches, namely they have zero on-resistances, innite o-
resistances, zero switching times, and null parallel-parasitic capacitance.
b) The lter capacitance Cf is large enough such that the output voltage is a dc voltage
Vo.
c) The rectiers are driven by an ideal sinusoidal current source.
d) All components are ideal.
e) The circuit operations are considered in the interval 0   < 2.
From the above assumptions, the equivalent circuit of the class-E inverter is illustrated
in Fig. 2.14(b).
Because of the assumption c), the input current is
is = Is sin ; (2.41)
where Is is the amplitude of is. The current through the diode D1 is expressed as
iD1 =
8>><>>:
Is sin ; for 0   < 
0; for    < 2
(2.42)
From (2.42), the dc component of the output current is
Io =
1
2
Z 2
0
iD1d =
Is

: (2.43)
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The dc output current Io is proportional to Is. The dc component of the output voltage
is
Vo = IoRL =
IsRL

: (2.44)
Vo is also proportional to Is.
The output power is
Po = I
2
oRL: (2.45)
2.4.2 Class-E Rectier
The class-E rectier is the counterparts of the class-E inverter. This is because the
waveforms of the class-E rectier are reversed versions of those of the class-E inverter.
The class-E rectier autonomously achieves the class-E ZVS/ZDS conditions at turn o
instant. Because of the class-E ZVS/ZDS conditions, the switching loss and noise can be
reduced.
Figure 2.16(a) shows a circuit topology of the class-E rectier [9], [45]-[49]. This circuit
consists of sinusoidal current source is, diode D, shunt capacitor CD, low pass lter circuit
Lf  Cf , and dc-load resistor RL. The diode D works as a half-wave voltage rectier and
the rectied voltage is converted into a dc voltage through the low-pass lter Lf   Cf .
Figure 2.17 shows example waveforms of the class-E rectier for the diode on-duty ratio
is 50 %. The input current is is a sinusoidal wave and the output current Io is a constant
value. While the diode D is in o state, the current Io   is ows through the shunt
capacitor CD. The diode turns on when the diode voltage decreases to the threshold
voltage. While the diode D is in on state, the current Io   is ows through the diode D.
At the diode turn-o transition, the capacitance current iCD is zero, resulting the zero
derivative of the capacitance voltage dvD=dt, as shown in Fig. 2.17. Therefore, the class-E
rectier autonomously satises the class-E ZVS/ZDS conditions at turn o instant.
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The analysis below is based on the following assumptions:
a) The diode acts as an ideal switch, namely it has zero on-resistances, innite o-
resistances, zero switching times, and null parallel-parasitic capacitance.
b) The inductance and capacitance of the low pass lter Lf and Cf are large enough
such that the output current Vo is constant.
c) The rectiers are driven by an ideal sinusoidal current source.
d) All components are ideal.
e) The circuit operations are considered in the interval 0   < 2.
From the above assumptions, the equivalent circuit of the class-E inverter is illustrated
in Fig. 2.16(b).
Because of the assumption c), the input current is
is = Is sin( + ); (2.46)
where Is and  are the amplitude of is and the phase shift indicated in Fig. 2.17.
For 0 <   2(1 Dd), where Dd is the diode on-duty ratio, the diode is in o state.
From (2.46), the current through the shunt capacitor is expressed as
iCD = Io   is = Io   Is sin( + ): (2.47)
According to Fig. 2.17, iD(0) = 0 and iCD = 0. Therefore, from (2.47,
Io = Is sin: (2.48)
Thus, iCD is
iCD = Io

1  sin( + )
sin

= Io

1  cos    sin 
tan

: (2.49)
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The diode voltage, namely the voltage across the shunt capacitance, is obtained as
vD =
1
!CD
Z 
0
iCDd =
Vo
!CDRL

   sin  + cos    1
tan

: (2.50)
According to Fig. 2.17, vD(2(1  Dd)) = 0. Substituting this condition into (2.50), the
relationship between the diode on-duty ratio Dd and the phase shift  is expressed as
tan =
1  cos 2Dd
2(1 Dd) + sin 2Dd : (2.51)
The average value of the diode voltage is Vo because the dc component of the voltage
across Lf is zero. Therefore, from (2.50),
Vo =
1
2
Z 2(1 Dd)
0
vDd
=
Vo
2!CDRL

22(1 Dd)2 + cos 2Dd   12(1 Dd) + sin 2Dd
tan

: (2.52)
From (2.52), the relationship between the diode on-duty ratio Dd and !CDRL is obtained
as
!CDRL =
1
2

1  22(1 Dd)2   cos 2Dd + [2(1 Dd) + sin 2Dd]
2
1  cos 2Dd

(2.53)
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Figure 2.1: Basic conguration of inductive coupled WPT system.
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Figure 2.2: Principle operation of coils.
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Figure 2.3: Example circuit of ac-ac WPT system.
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Figure 2.4: Types of resonant inductive coupling. (a) Series-series type. (b) Series-parallel
type. (c) Parallel-series type. (d) Parallel-parallel type.
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Figure 2.5: Basic system conguration of Qi standard.
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Figure 2.6: Basic system conguration of Rezence standard.
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Figure 2.7: Class-D inverter. (a) Circuit topology. (b) Equivalent circuit.
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Figure 2.8: Waveforms of class-D inverter.
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Figure 2.9: Class-E inverter. (a) Circuit topology. (b) Equivalent circuit.
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Figure 2.10: Waveforms of class-E inverter.
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Figure 2.11: Circuit topology of class-E oscillator.
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Figure 2.12: Waveforms of class-E oscillator.
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Figure 2.13: Circuit topology of injection-locked class-E oscillator.
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Figure 2.14: Class-D rectier. (a) Circuit topology. (b) Equivalent circuit.
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Figure 2.15: Waveforms of class-D rectier.
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Figure 2.16: Class-E rectier. (a) Circuit topology. (b) Equivalent circuit.
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Chapter 3
Waveform Equations, Output Power,
and Power Conversion Eciency for
Class-E Inverter Outside Nominal
Operation
●● ABSTRACT ●●
This chapter presents analytical expressions for steady-state waveforms, output power,
and power conversion eciency for the class-E inverter outside the class-E ZVS/ZDS
conditions. The analytical expressions in this chapter include the MOSFET-body-diode
eect. By carrying out PSpice simulations and circuit experiments, it is shown that
the analytical predictions agreed with the simulated and the experimental results quan-
titatively, which indicates the validity of the analytical expressions. Additionally, the
switching-pattern distribution maps are also given by using the analytical waveform equa-
tions.
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3.1 Introduction
In recent years, the resonant class-D [1], -DE [2], and -E [3]-[22] inverters are widely
used in various applications. The class-E inverter is a well-known resonant inverter that
can operate with high power-conversion eciency at high frequencies. Since the introduc-
tion of the class-E inverter [3], many analytical descriptions of this circuit have appeared.
Additionally, many applications of the class-E inverter, such as dc-dc converter [4], in-
verter with impedance inverter [5], lamp ballast [6], high-power-factor inverter [7], wireless
power transfer system [8], and so on, were proposed. These applications are transformed
into the basic class-E inverter topology for their designs. Therefore, it can be stated that
the analytical expressions in the class-E inverter are very useful and applicable for many
applications of not only the class-E inverter but also other topologies of the class-E switch-
ing circuits. Most of these studies focused on the class-E switching circuits satisfying the
class-E zero-voltage switching and zero-derivative switching (ZVS/ZDS) conditions, which
are called \nominal conditions". When considering the class-E inverter applications, how-
ever, it is important to obtain the analytical expressions of waveforms, output power, and
power conversion eciency outside nominal operation. For example, the inductive com-
ponent of coupled coil pair varies drastically by changing the distance between primary
coil and secondary one in wireless power transfer applications [8]. The PWM-control
class-E inverter [9] works at any duty ratio, which means the outside nominal conditions.
Additionally, the o-nominal-operation class-E inverter [10], [11] also works outside the
nominal conditions.
Actually, analyses of the class-E inverter outside nominal operations were carried out
recently. These analyses are classied into two approaches. One is a frequency-domain
analysis [12]-[14] and the other is a time-domain one [15]-[17]. In [12], the frequency-
domain analysis of the class-E inverter outside nominal operations was presented. Because
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of the frequency-domain analysis, however, the switching pattern should be xed prior to
calculations. Therefore, eects of the MOSFET body diode cannot be considered because
the MOSFET body diode turns on and o autonomously. In [15]-[17], the time-domain
analyses of the class-E inverter outside nominal operations were presented. In [16] and
[17], turn-on eect of the MOSFET body diode on the waveform equations is considered.
However, the switch-voltage recovery during the on-state of the MOSFET body diode is
not considered.
In [18], an adjusting method of the load network for achieving the class-E ZVS/ZDS
conditions is introduced. This method is very useful for designs of the class-E inverters. In
[18], the switch-voltage recovery during on-state of the MOSFET body diode is illustrated,
which indicates the importance of the MOSFET body diode eect in the class-E inverter
operation. In the previous studies, however, there is no analytical expression including
the switch-voltage recovery. For comprehending the operation of the class-E inverter in
a wide region of parameters, it is important to consider the MOSFET body diode eect
completely, namely not only its turn-on but -o, in the analysis.
There is an idea that the behavior of class-E inverter outside nominal operation can be
comprehended by using circuit simulators. In the class-E inverter, however, it takes a long
time to converge the dc-supply current, which ows through the RF choke, in transient
analysis because the time constant of the RF choke is high. Generally, inverters with
high Q resonant lter also have a long transient-response time. Therefore, it leads to a
high calculation cost for obtaining the steady-state waveforms of the class-E inverter by
using the circuit simulators. In addition, circuit simulators give waveforms at a xed set
of parameters. It is hard to comprehend the circuit-behavior according to any parameter
variations by using circuit simulators. For these reasons, it is useful for designers to
obtain the analytical expressions of steady-state waveforms outside nominal operations.
Additionally, an analysis has many advantages compared with the simulation. Analytical
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expressions cultivate designer's fundamental understanding and intuition. By using the
analytical expressions, much additional information can be obtained easily.
This chapter presents analytical expressions for steady-state waveforms, output power,
and power conversion eciency of the class-E inverter outside the class-E ZVS/ZDS con-
ditions at a high Q and any duty ratio, taking into account MOSFET-body-diode eect.
By considering the switch-voltage recovery during the MOSFET body diode on-state, the
applicable parameter range of the analytical expressions in this chapter is much wider
than that of the previous analytical expressions. The analytical expressions in this chap-
ter cover all the results of [15]-[17]. By carrying out the PSpice simulations and the circuit
experiments, it is shown that the analytical predictions agreed with the simulated and
the experimental results quantitatively, which validates accuracy of our analytical expres-
sions. Additionally, the switching-pattern distribution maps are also shown, which can
be obtained from the waveform equations.
3.2 Circuit Description and Principle Operation
Figure 3.1(a) shows a circuit topology of the class-E inverter. It is composed of dc-
supply voltage source VDD, dc-feed inductance LC , MOSFET as a switching device S,
shunt capacitance CS, and series-resonant lter L0-C0-R. The class-E inverter achieves
high-power conversion eciency at high frequencies because it satises the zero-voltage
switching and the zero-derivative switching (ZVS/ZDS) conditions simultaneously at the
switch turn-on instant. Switching loss is minimized because of the ZVS and jump-less
currents at turn-on instant. The class-E ZVS/ZDS conditions are expressed as2664 vS(2D)dvS()
d

=2D
3775 = 0; (3.1)
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where vS is the voltage across the switching device S and D is the switch-o duty ratio
at the switch. In real circuits, there are the equivalent series resistances (ESRs) of the
passive elements and the MOSFET switch on-resistance. Because the power-loss factors
in the class-E inverter include conduction losses in the ESRs and the switch on-resistance,
the conditions for obtaining the maximum power conversion eciency are not the same
as those for the class-E ZVS/ZDS conditions. Therefore, the class-E ZVS/ZDS conditions
are called \nominal conditions" and the conditions for obtaining the maximum power-
conversion eciency are called \optimal conditions" [18].
Figure 3.2 depicts example waveforms in the class-E inverter at nominal operation for
D = 0:5. In the class-E inverter, the switch S is driven by a input signal vg. During
the switch-o interval, the dierence of currents through the dc-feed inductance and the
resonant lter ows through the shunt capacitance CS. The current through the shunt
capacitance produces the switch voltage vS. Because the class-E inverter usually has a
resonant lter with high quality factor Q, the output current io is regarded as a sinusoidal
waveform. Additionally, the output lter produces a phase-shift  between the input
signal and the output current as shown in Fig. 3.2.
3.3 Waveform Equations Outside Nominal Conditions
The analytical steady-state waveform equations for the class-E inverter outside nominal
conditions are given in this section. Note that all the equations in [17] are renewed as
new ones.
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3.3.1 Switching Patterns
Figure 3.3 shows the switch voltage and current waveforms of the class-E inverter outside
nominal operation. We classify the switching patterns into three cases as shown in Fig.
3.3. Figure 3.3(a) shows that the switch voltage does not reach zero during switch-o
interval. This switching pattern is called \Case 1" in this research. In this case, the
turn-on switching loss occurs at turn-on instant. When the switch voltage reaches zero
prior to turn-on switching instant, the MOSFET anti-parallel body diode turns on at
 = 1 as shown in Fig. 3.3(b), where  = !t represents the angular time. This switching
pattern is called \Case 2", in which the ZVS is achieved at  = 2D. The on-resistance of
the MOSFET body diode is, however, much larger than that of the MOSFET. Therefore,
the large conduction loss occurs in this case. There is also a case that the switch voltage
returns to a positive at  = 2 via MOSFET-body-diode on state as shown in Fig. 3.3(c),
which is called \Case 3". In this case, both the turn-on switching loss and the conduction
loss in the MOSFET body diode occur. The switching patterns are closely related to the
amplitude and the phase shift of the output current because the switch voltage is expressed
as the integration of the dierence of the dc-supply current and output current. Therefore,
if the inverter parameters, such as load resistance, resonant capacitance and inductance,
switch-o duty ratio, and so on, vary from the nominal conditions, the amplitude and
the phase shift of the output current also vary and the change of the switching pattern
occurs. The relationship between the switch waveform and output-lter parameters are
shown in [18]. It can be stated from [18] that it is not easy to predict which switching
pattern appears for a certain set of parameters.
In the previous studies, the steady-state waveform equations in [12] and [15] are valid
for only Case 1. The steady-state waveform equations in Cases 1 and 2 are given in [16]
and [17]. There is, however, no analytical steady-state waveform equations, which are
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valid for Cases 1, 2, and 3.
3.3.2 Assumptions and Parameters
First, the following parameters are dened:
(1) A = f0=f = !0=! = 1=!
p
L0C0: The ratio of the resonant frequency to the operating
frequency.
(2) B = C0=CS: The ratio of the resonant capacitance to the shunt capacitance.
(3) D: The switch-o duty ratio of the switch S.
(4) Q = !L0=R: The loaded Q-factor.
For obtaining the waveform equations, the analysis is based on the following assumptions
for simplication:
(a) The MOSFET works as an ideal switch device, namely, it has zero on-resistance,
innite o-resistance and zero switching time.
(b) The MOSFET body diode also works as an ideal switch device. Therefore, it has
zero forward voltage drop, innite o-resistance, and zero switching time.
(c) The dc-feed inductance LC is high enough so that the current through the dc-feed
inductor is constant.
(d) The loaded Q-factor is high enough to generate a pure sinusoidal output current io
for any parameters.
(e) All the passive elements are linear and have zero ESR.
(f) The circuit operations are considered in the interval 0   < 2. The switch is in
the o-state for 0   < 2D and in the on-state for 2D   < 2.
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(g) The MOSFET body diode turns on at  = 1 and turns o at  = 2 for 0 <
1  2 < 2D. When 1 and/or 2 does not appear during switch-o interval, this
analysis gives 1 = 2D and/or 2 = 2D, respectively.
(h) The parasitic capacitances of the inductors are ignored.
By the above assumptions, the equivalent circuit is obtained as shown in Fig. 3.1(b).
3.3.3 Waveform Equations
This subsection introduces only the resulting equations and the detailed analysis proce-
dure is shown in the Appendix. Additionally, the classications of the switching patterns
and the derivations of 1 and 2 are discussed in Section 3.4. From the assumption (d),
the output current is
io = Im sin( + ): (3.2)
In (3.2), Im is the amplitude of the output current
Im =
2VDD
A2BQR( + )
; (3.3)
where
 = k1 cos
2 + k2 sin cos+ k3; (3.4)
 = k4 cos+ k5 sin; (3.5)
 = k6 cos+ k7 sin; (3.6)
and
 =
1
2
21 +
1
2
22 + 2
2D2   2D2: (3.7)
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In addition, the coecients k in (3.4){(3.7) are
k1=
1
2
cos(21)  cos 1 + 1
2
cos(4D) +
1
2
cos(22) +
1
2
  cos 2 cos(2D) + sin 2 sin(2D); (3.8)
k2= 1
2
sin(21) + sin 1   1
2
sin(4D)  1
2
sin(22)
+ sin 2 cos(2D) + cos 2 sin(2D); (3.9)
k3= 1
4
cos(21)  1
4
cos(4D)  1
4
cos(22) +

A2BQ
+
3
4
  sin 2 sin(2D); (3.10)
k4= 1 cos 1 + sin 1 + (2   2D) cos(2D)
+ sin(2D)  sin 2; (3.11)
k5=1 sin 1 + cos 1 + (2D   2) sin(2D)
+ cos(2D)  cos 2   1; (3.12)
k6 = sin 1 + sin(2D)  sin 2 + (2   2D) cos 2   1; (3.13)
and
k7 = cos 1 + cos(2D) + (2D   2) sin 2   cos 2   1: (3.14)
Additionally, the phase shift  is obtained by solving an algebraic equation for tan,
(k4k3 + k5k10) tan
3 + (k2k4 + k3k9   k3k5 + k4k10) tan2 
+(k1k4   k2k5 + k4k9 + k5k8 + k3k4 + k5k10) tan
+(k4k8   k1k5   k3k5 + k4k10) = 0; (3.15)
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where
k8= 1
2
sin(21) + sin 1   1
2
sin(4D)  sin(22)
+ cos 2 sin(2D) + sin 2 cos(2D); (3.16)
k9=
1
2
cos(22)  1
2
cos(21) + cos 1   1
2
cos(4D)  1
2
(3.17)
+ cos 2 cos(2D)  sin 2 sin(2D)  cos2 2 + sin2 2;
and
k10= 1
2
+
2
2
+
1
4
sin(22) +
1
4
sin(4D)  1
4
sin(22)  D
  sin 2 cos(2D) + sin 2 cos 2 + (1  A
2)
A2B
: (3.18)
The switch voltage is expressed as
vs =8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
vS1 = A
2BQRfIDD + Im[cos( + )  cos]g; for 0   < 1
vS2 = 0; for 1   < 2;
vS3 = A
2BQRfIDD(   2)
+ Im[cos( + )  cos(2 + )]g; for 2   < 2D;
vS4 = 0; for 2D   < 2;
(3.19)
where IDD is the dc component of the current through the dc-feed inductor, which is given
by
IDD =
2VDD
A2BQR( + )
: (3.20)
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The current through the shunt capacitance is
iCS =
8>>>>>>>>>><>>>>>>>>>>:
iCS1 = IDD   Im sin( + ); for 0   < 1
iCS2 = 0; for 1   < 2
iCS3 = IDD   Im sin( + ); for 2   < 2D
iCS4 = 0; for 2D   < 2:
(3.21)
The current through the switch is
iS =
8>>>>>>>>>><>>>>>>>>>>:
iS1 = 0; for 0   < 1
iS2 = IDD   Im sin( + ); for 1   < 2
iS3 = 0; for 2   < 2D
iS4 = IDD   Im sin( + ); for 2D   < 2;
(3.22)
where iS2 describes the current through the MOSFET body diode.
Note that the equations for 1 = 2 = 2D are the same as those given in [15]. Ad-
ditionally, the equations for only 2 = 2D is the same as those in [16] and [17]. The
analytical steady-state waveform equations in this chapter cover with all the results of
[15]-[17].
3.4 Derivations of 1 and 2
The waveform equations given in Section 3.3 are valid for all the switching patterns in
Cases 1, 2, and 3. For obtaining the waveforms, however, 1 and 2 should be determined.
This section introduces an algorithm for obtaining the values of 1 and 2. Figure 3.4
shows the owchart for obtaining 1 and 2.
First, the waveforms for 1 = 2 = 2D are considered. After substituting 1 = 2 =
2D into (3.19), we calculate the phase shift from (3.15) and the switch voltage with zero
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derivative. a is dened as the instant when the zero-derivative switch voltage appears.
Therefore, we have
dvS1
d

=a
=
1
!CS
iCS(a) = 0; for 0 < a  2D: (3.23)
The solution of (3.23) can be obtained analytically as
a = sin
 1

IDD
Im

  ; for 0 < a  2D: (3.24)
When there is no solution of a or
vS1(a) > 0 for all a; (3.25)
the switching pattern is classied as Case 1 and 1 = 2 = 2D can be obtained.
When the switching pattern is not for Case 1, only 2 = 2D is substituted into (3.19).
Additionally, the angular time for the zero-switch-voltage appearance is calculated from
vS1(b) = 0: (3.26)
This equation is solved numerically. The Newton's method is applied to solve the algebraic
equation numerically in this study. When the current through the MOSFET body-diode
satises
iS2(2D)  0; (3.27)
the switching pattern is classied as Case 2 and 1 = b and 2 = 2D are obtained.
When the switching pattern belongs to neither Case 1 nor 2, it is classied as Case 3.
In Case 3, 1 and 2 are obtained by solving264 vS1(1)
iS(2)
375 = 0: (3.28)
This function is also solved by the Newton's method because this is a transcendental
function. Following this algorithm, it is possible to obtain the values of 1 and 2 and to
comprehend the switching pattern for given parameters, simultaneously.
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3.5 Output Power and Power Conversion Eciency
In this section, analytical expressions for the output power and the power-conversion
eciency are derived by using the waveform equations given in Section III. In real circuits,
the power losses occur in ESRs of passive elements, MOSFET on-resistance, and MOSFET
body diode. It is assumed that the parasitic resistances and MOSFET-body-diode forward
voltage drop are small enough not to aect the waveforms [2], [16], [17]. Figure 3.5 shows
the equivalent circuit model of the class-E inverter for the power-loss calculations. In
this chapter, the power losses in MOSFET on-resistance rS; ESRs of dc-feed inductance
rLC , shunt capacitance rCS , and resonant network rL0C0 ; and MOSFET-body-diode are
considered.
The output power Po is
Po =
R
2
Z 2
0
i2od =
RI2m
2
: (3.29)
The conduction loss in the MOSFET on-resistance rS is
PS =
rS
2
Z 2
0
i2Sd =
rS
2
Z 2
2D
i2Sd
=
rS
2

2(1 D)I2DD + 2IDDIm[cos  cos(2D + )]
+
I2m
4
[4(1 D) + sin(4D + 2)  sin 2]

: (3.30)
The power loss in rLC is
PLC = rLCI
2
DD: (3.31)
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The power loss in rCS is
PCS =
rCS
2
Z 2
0
i2CSd =
rCS
2
 Z 1
0
i2CSd +
Z 2D
2
i2CSd

=
rCS
2

I2DD(1   2 + 2D) + 2IDDIm[cos(1 + )
  cos+ cos(2D + )  cos(2 + )]
+
I2m
4

21   22 + 4D   sin(21 + 2)
  sin(4D + 2) + sin(22 + 2)

:
(3.32)
The power loss in rL0C0 is
PL0C0 =
rL0C0
2
Z 2
0
i2od =
rL0C0I
2
m
2
: (3.33)
Additionally, power losses in the MOSFET should be considered. In Cases 1 and 3, the
turn-on switching losses occur, which is expressed as
Psw =
1
2
CSfv
2
S(2D
 ) =
1
2
CSf [v
2
S1(
 
1 ) + v
2
S3(2D
 )]
=
A2BQR
4

21I
2
DD + 21IDDIm[cos(1 + )  cos]
+I2m[cos(1 + )  cos]2 + (2D   2)2I2DD
+2ImIDDf(2D   2)[cos(2D + )  cos(2 + )]g
+I2m[cos(2D + )  cos(2 + )]2

(3.34)
where vS1(
 
1 ) and vS3(2D
 ) is the switch voltage just prior to turn-on. It can be
conrmed that PSW = 0 for 1 6= 2D and 2 = 2D, which are Case-2 switching pattern
conditions, because of vS1(1) = 0. Conversely, PSW is not equal to zero for  6= 2D.
Namely, (3.34) can expresses the switching loss of all the switching patterns. In the Case-2
and Case-3 switching patterns, the MOSFET body diode turns on and the conduction loss
in the MOSFET body diode should be considered. The MOSFET-body-diode conduction
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loss is
PD =
1
2
Z 2
0
VdiSd =
1
2
Z 2
1
VdiSd
=
Vd
2

IDD(2   1) + Im[cos(2 + )  cos(1 + )]

; (3.35)
where Vd is the forward voltage drop of the MOSFET body diode. It can be conrmed
from (3.35) that PD = 0 for 1 = 2 = 2D. From the above considerations, the total
power loss of the class-E inverter is
Ptotal = PS + PCS + PLC + PL0C0 + PD + Psw: (3.36)
From (3.3), (3.20), (3.29) and (3.36), the power-conversion eciency can be obtained
analytically as
 =
Po
Po + Ptotal
(3.37)
= 4R

2



2 
4rS(1 D) + 4rLC + 2rCS(1   2 + 2D)
+A2BQR(2D   2)2 + 21

+ 4




2rS[cos  cos(2D + )]
+2rCS [cos(1 + )  cos+ cos(2D + )  cos(2 + )]
+A2BQR1

cos(1 + )  cos

+A2BQR(2D   2)

cos(2D + )  cos(2 + )

+4R + 4rL0C0 + rS[4(1 D) + sin(4D + 2)  sin 2]
+rCS [21   22 + 4D   sin(21 + 2)  sin(4D + 2)
+ sin(22 + 2)  sin 2] + 2A2BQRf[cos(1 + )  cos]2
+[cos(2D + )  cos(2 + )]2g
+
A2BQR( + )
VDD

cos(2 + )  cos(1 + ) + 

(2   1)

:
Note that this power-conversion-eciency expression is valid for all the switching patterns.
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3.6 Experimental Verication
3.6.1 Nominal State
For validating the analytical expressions, PSpice simulations and circuit experiments
were carried out. The design specications for nominal operation were given as follows:
operating frequency fnom = 1 MHz, dc-supply voltage VDD = 5 V, output resistance Rnom
= 5 
, switch-o duty ratioD = 0.5, and loaded quality factor Q = 10. First, the design of
the class-E inverter with the nominal conditions in (3.1) for 1 = 2 = 2D is carried out.
By using design equations in [19], A = 0.94, and B = 0.62 are obtained. From these values,
the element values are obtained as LC = 34.67 H, L0 = 7.96 H, CS = 5.84 nF, and C0
= 3.60 nF. An IRF530 MOSFET device was used in the circuit experiment. Therefore,
rS = 0.16 
 and Vd = 0:7 V were obtained from the IRF530 MOSFET data sheet. All
element values including ESR values were measured by HP4284A LCR impedance meter.
In experimental circuits, the shunt capacitance was composed of the MOSFET drain-to-
source capacitance and external capacitance connected in parallel. The IRF530 MOSFET
drain-to-source capacitance was estimated as 500 pF, which is also obtained from the data
sheet. The analytical predictions and experimental measurements for satisfying the class-
E ZVS/ZDS conditions were given in Table 3.1. In the PSpice simulations, the element
values and the ESR ones are same as the analytical predictions and the experimental
measurements, respectively. In Table 3.1 in [17], the output power was obtained from
Po =
V 2o
R
; (3.38)
where Vo is a root-mean-square value of the output voltage, which was measured by
Agilent 3458A. In addition, the power conversion eciency was measured by
 =
Po
PI
=
V 2o
RVDDIDD
; (3.39)
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where PI is the dc-supply power and VDD and IDD are measured by Iwatsu VOAC7523.
The analytical and the experimental waveforms for nominal conditions were presented in
Fig. 3.6. It is seen from Fig. 3.6 that the class-E ZVS/ZDS conditions had been achieved
in this state. We dene the state in Table 3.1 and Fig. 3.6 is the \nominal state". At
following measurements, some parameters varied from the nominal state.
3.6.2 Output Power and Power Conversion Eciency
The output power and the power conversion eciency as a function of A were shown
Fig. 3.7. It is seen from Fig. 3.7 that both the output power and the power conversion
eciency are sensitive to the operating frequency. Generally, the maximum output power
can be obtained for A < 1. This is because the output resonant lter works as an in-
ductive lter for the nominal conditions [20]. Conversely, the maximum power conversion
eciency was obtained for A = 0:897, which can be obtained by solving @=@A = 0.
Figure 3.8 shows the output power and the power conversion eciency as a function
of CS=CSnom. Compared with Fig. 3.7, it is seen that the power conversion eciency
is almost constant for CS variations. The output power is also not sensitive to the CS
variations compared with Fig. 3.7. For CS=CSnom < 1, the Case-3 switching pattern
appears. It is seen from Fig. 3.8 that the analytical expressions of the output power and
the power conversion eciency are valid for the Case-3 switching pattern.
Figure 3.8(a) also shows the previous analytical result, which can be obtained by using
the analytical expression of the output power in [17]. In [17], the Case-3 parameter region
is recognized as the Case-1 parameter region. It is seen from Fig. 3.8(a) that the previous
analytical results are far from the measured ones as decreasing CS=CSnom and the results
from analytical expression obtained in this chapter agree with the measured ones well.
This result indicates that the analytical expressions in this chapter provide more accurate
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predictions than the previous analytical ones, which is the usefulness of considering the
Case-3 waveform in the class-E inverter analysis outside nominal operations.
Figure 3.9 shows the output power and the power-conversion eciency as a function of
D. It is seen from Fig. 3.9 that PSpice simulated and experimental results agreed with
the analytical predictions well for D > 0:3. Additionally, both the output power and
the power conversion eciency are almost constant around the nominal state. However,
dierences of the output power between the analytical results and the PSpice simulated
and the experimental ones appear for D < 0:3.
Figure 3.9(a) also shows the simulation result using the ideal switch model. The PSpice
simulation using the ideal switch gives the switch waveform without voltage and current
fall times and switching delay. On the other hand, using the MOSFET model includes
the voltage and current fall times and switching delay. Namely, the dierence between
the ideal switch and the MOSFET model in PSpice simulations is the existence of the
voltage and the current fall times and switching delay. It is seen from Fig. 3.9(a) that
the analytical plots and experimental ones agreed with the plots from PSpice simulations
using ideal switch and those with MOSFET model, respectively. From the above results,
it is stated that the dierence between analytical and experimental results for small D
appears because the analytical model does not consider the voltage and current fall times
and switching delay.
It is seen from Figs. 3.7, 3.8, and 3.9 that the analytical predictions agreed with the
PSpice simulated results and the experimental measurements quantitatively, which vali-
dated the accuracy and eectiveness of the analytical expressions in this chapter.
Additionally, it is seen from Figs. 3.8 and 3.9 that the Case-3 regions appear in wide
region near the nominal-condition point. These results also indicate the importance of
including the Case-3 switching pattern in the analysis for class-E inverter outside nominal
operations.
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Table 3.2 gives the computation times for drawing Figs. 3.8 and 3.9 by using the an-
alytical expressions and PSpice simulations. The computations were carried out on the
computer whose specications are as follows: CPU: Intel Core2 Extreme 3.00 GHz Pro-
cessor, memory: 3.25 GB, and operating system: Windows XP professional version 2002
Service Pack 3. The C-language program was used for calculations by using analytical
expressions. PSpice version 16.0 was used as a circuit simulator. The number of plotting
points in Figs. 3.8 and 3.9 is 500. In the PSpice simulations, 200 s was set as the run
time with 10 ns maximum step size for the PSpice transient analysis and the parametric
sweep mode was used. It is seen from Table 3.2 that the computation cost when the
analytical expressions are used is much lower than that for PSpice-simulation usage.
3.7 Distribution of Switching Patterns
Because the switching pattern can be obtained as shown in Section 3.4, it is possible
to obtain switching-pattern distribution maps, which is one of the applications of the
analytical expressions. From the switching-pattern distribution maps, a lot of information
can be obtained. Figure 3.10 shows the switching-pattern distributions on the C0=C0nom 
CS=CSnom and f=fnom  D plane. For obtaining these gures, CS and D are calculated
by solving the boundary condition between Cases 1 and 2 numerically for xed C0 and f ,
respectively, which is
vS1(2D) = 0; for 1 = 2 = 2D: (3.40)
We can follow the boundary curve by solving the boundary condition by varying the reso-
nant capacitance C0 and the frequency f , respectively. Similarly, the boundary conditions
between Cases 2 and 3 and between Cases 1 and 3 are expressed as
iS2(2D) = 0; for 2 = 2D; (3.41)
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and
vS1(
0
a) = 0; for 1 = 2 = 2D: (3.42)
Note that 0a in (3.42) is the nearest value to 2D in (3.24).
It is obviously seen from the boundary conditions in (3.40){(3.42) that a point, at which
three boundary curves cross, satises the nominal conditions. This can be conrmed
from Fig. 3.10. Additionally, it is also seen from Fig. 3.10 that not only Case-2 but also
Case-3 switching patterns occupies wide regions, which have never been described in the
analytical expressions in the previous studies. The analytical expressions in this chapter
cover much wider parameter region than those in the previous studies.
It is seen from Fig. 3.10(a) that the ZVS region, namely Case 2 region, appears only for
C0=C0nom > 1:0 and there is no ZVS region for CS=CSnom > 1:05. In [18], the adjusting
method of the load network for achieving the class-E ZVS/ZDS conditions is introduced.
This method is very useful for design of the class-E inverter. In addition, the Case-3
switching pattern is considered in this method, which indicates the importance of including
Case-3 switching pattern in the class-E inverter operations. In [18], however, the adjusting
strategies are shown qualitatively, not quantitatively. Switching-pattern distribution maps
like Fig. 3.10(a) give the quantitative adjustment criteria on any parameter plane, which
enhance the adjusting method in [18].
It is seen from Fig. 3.10(b) that there are two sets of parameters, which satisfy the
class-E ZVS/ZDS conditions on the f=fnom  D plane. Additionally, it is also seen from
Fig. 3.10(b) that the ZVS region appears only for 1:00 < f=fnom < 1:11 and 0:48 <
D < 0:72. Because both f and D are controllable parameters, this gure gives important
information for the inverter control. It is seen from Fig. 3.10(b) that the FM and PWM
control [2], [9] is one of the good strategies to control the output power of the class-E
inverter with achieving the ZVS.
From above examples and discussions, it can be stated that the analytical expressions
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obtained in this chapter are powerful tools for obtaining a lot of information on the class-E
inverter.
Figure 3.11 shows the analytical, PSpice simulated and experimental waveforms for the
Case-1, Case-2, and Case-3 switching patterns and another class-E switching conditions.
Each parameter is marked on Fig. 3.10. It is seen from Figs. 3.11(b) and (c) that the
analytical waveform equations in this chapter express the MOSFET-body-diode eect
accurately. It can be conrmed from Fig. 3.11 that all the switching patterns of the
analytical waveforms agreed with those of simulated and experimental ones. These results
show the validity of the switching-pattern distribution map in Fig. 3.10 and the accuracy
of the analytical waveform expressions.
3.8 Application of Analytical Expressions - Design of
Class-E Inverter with Inductive Impedance In-
verter
It is generally stated that the analytical expressions has a potential to be basement of
many applications, such as control, new topology, and so on. The analytical expressions
presented in this chapter are valid for wide parameter region, which includes not only
the nominal-condition parameters but also outside nominal-conditions ones. Therefore,
the application area of the analytical expressions presented in this chapter is very wide.
Many class-E switching circuits [4]-[8] are transformed into the basic class-E inverter as
shown in Fig. 3.1 for their designs. From this point of view, it can be also stated that the
analytical expressions presented in this chapter are very useful and applicable for many
applications of the class-E switching circuits.
In this section, the analytical expressions derived in this chapter are applied to the
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design of the class-E inverter with an inductive impedance inverter. Figure 3.12(a) shows
the class-E inverter with an inductive impedance inverter [5]. The inductance Lp acts as
an impedance inverter. In the basic class-E inverter as shown in Fig. 3.1, it is known that
the ZVS is achieved when the load resistance varies in the region of 0  R  Rnom [21].
The purpose of Lp addition is to achieve the ZVS for all load variations. By transforming
the Lp Ro parallel circuit into its equivalent LS Req series circuit, the equivalent circuit
of Fig. 3.12(a) is the same as the basic topology of the class-E inverter as shown in Fig.
3.12(b). Therefore, the analytical expressions in this chapter can be easily applied to the
operation comprehension of the class-E inverter with an inductive impedance inverter. In
this section, the design specications are the same as in Sect. 3.6. The design values for
nominal operation were derived by using the design equations in [5] and [19], which are
C0nom = 7:20 nF, CSnom = 11:7 nF, Lrsnom = 3:58 H, and Lpnom = 0:796 H.
From [5], the relationships among the component values of the parallel and series circuits
at the operating frequency f are
Req =
Ro
1 +

Ro
XLp
2 and XLS = XLp
1 +

XLp
Ro
2 ; (3.43)
where XLp = !Lp and XLS = !LS. In [5], the inverters were designed for satisfying
Req  Reqnom for any Ro. Because Req  Reqnom is achieved for all load variations, it was
stated that the class-E inverter with an inductive impedance inverter can keep ZVS for
all load variations. The variations of XLS for Ro variations were, however, not considered
in [5].
Figure 3.13(a) shows the switching-pattern distribution on the Leq=Leqnom andReq=Reqnom
plane, where Leq = Lrs+LS as shown in Fig. 3.12(b). The line on Fig. 3.13(a) expresses
Leq=Leqnom and Req=Reqnom values for 0  Ro  1 variations. It is seen from Fig. 3.13(a)
that the Req is always less than Reqnom for Ro variation. However, the non-ZVS region
appears for 0  Ro < Ronom because the reactance XLS becomes smaller than that of the
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design value for 0  Ro < Ronom.
Figure 3.13(b) shows the parameter region on Lrs=Lrsnom and Lp=Lpnom plane where
the inverter always achieves the ZVS for 0  Ro  1000  Ronom. This gure is obtained
by checking the switching-pattern distribution maps in increments of 0:01  Ronom for
0  Ro < 10  Ronom and 2  Ronom for 10  Ronom  Ro  1000  Ronom, namely 1495
switching-pattern distribution maps were drawn and checked. By using the analytical
expressions in this chapter, Fig. 3.13(b) can be obtained in a short time. We would like
to emphasize that it is too hard to obtain the same result in actual time if we use the
circuit simulator for checking the switching conditions. It is seen from Fig. 3.13(b) that if
the inductance values Lrs and Lp are in the dotted region, namely slightly changed from
the nominal value, the ZVS can be achieved regardless of Ro.
Figures 3.13(c) and (d) show the switching-pattern distributions on Lp=Lpnom and
Ro=Ronom plane at Lrs=Lrsnom = 1:07 and Lrs=Lrsnom and Ro=Ronom plane at Lp=Lpnom =
0:7, respectively. It can be conrmed from these gures that the class-E inverter with
an inductive impedance inverter achieves the ZVS condition regardless of load resistance.
As a result, it is possible to design the ZVS inverters when Lrs and Lp are xed in the
dotted-region value in Fig. 3.13(b). For example, when Lrs = 1:07  Lrsnom = 3:83 H
and Lp = 0:9Lpnom = 0:716 H, the inverter always achieves the ZVS regardless of load
resistance Ro. Figure 3.14 shows the analytical, PSpice simulation, and experimental
waveforms for Ro = Ronom=2 = 2:5 
. Figure 3.14(a) shows waveforms for Lrs = 3:58 H,
Lp = 0:796 H, C0 = 7:20 nF, and CS = 11:7 nF, which were obtained from the design
equations in [5] and [19]. It is seen from this gure that the switch waveform did not
satisfy ZVS condition though it was thought in [5] that the ZVS can be achieved at any
load resistances. Figure 3.14(b) shows waveforms for Lrs = 3:83 H, Lp = 0:716 H,
C0 = 7:20 nF, and CS = 11:7 nF, which were obtained from this-chapter design. It
is seen from this gure that the inverter achieved ZVS. We conrmed that the inverter
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with this-chapter design values always achieved ZVS at any load resistances by both
PSpice simulations and circuit experiments. In addition, all the analytical waveforms in
Fig. 3.14 showed quantitative agreements with experimental and simulation waveforms,
which showed the validity of Fig. 3.13 and the eectiveness of the presented analytical
expressions.
3.9 Conclusion
This chapter has presented the analytical expressions for steady-state waveforms, out-
put power, and power conversion eciency for the class-E inverter outside the class-E
ZVS/ZDS switching conditions at a high Q and any duty ratio. By considering the
switch-voltage recovery during the MOSFET body diode on-state, the applicable param-
eter range of the analytical expressions is much wider than that of the previous analytical
expressions. The analytical expressions in this chapter cover all the results in [15]-[17]. It
is shown that the analytical predictions agreed with the simulated and the experimental
results quantitatively, which indicates the validity of the analytical expressions. Addition-
ally, the switching-pattern distribution maps are shown, which can be obtained from the
waveform equations obtained in this chapter. From the distribution maps, we can obtain
the strategies of the quantitative load-network-parameter adjustment for achieving the
class-E ZVS/ZDS conditions and the control strategies with satisfying the ZVS condition.
From the results in this chapter, it can be stated that the analytical expressions obtained
in this chapter are powerful tools for obtaining a lot of information on the class-E in-
verter.
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Appendix
Derivation of Im, IDD and 
While the switch is in the o state, the current through the shunt capacitance is given
by (3.21). While the switch is in the on state and o-state, the current through the switch
is given by (3.22). The voltage across the switch is
vS =
1
!CS
Z 
0
iCSd =8>>>>>>>>>>><>>>>>>>>>>>:
vS1 =
1
!CS
Z 
0
[IDD   Im sin( + )]d; for 0   < 1
vS2 = 0; for 0   < 1
vS3 =
1
!CS
Z 
2
[IDD   Im sin( + )]d; for 2   < 2D
vS4 = 0; for 2D   < 2:
(3.44)
From (3.44), (3.19) is obtained. There are three unknown parameters in (3.19), which
are IDD, Im, and . These three unknown parameters can be obtained from the analytical
process described in the below. Because of the assumption (b), the dc voltage drop across
the choke inductor LC is zero. Therefore, the dc-supply voltage is
VDD=
1
2
Z 2
0
vSd
=
A2BQR
2
*
IDD
2
(21 + 
2
2 + 4
2D2   2D2) + Im[sin(1 + )
  sin  1 cos+ sin(2D + )  sin(2 + )
+(2   2D) cos(2 + )]
+
; (3.45)
3. Class-E Inverter Outside Nominal Operation 81
Now, L0 is divided into Lr and Lx, where Lr = 1=!
2
0C0 as shown in Fig 3.15. Therefore, the
impedance of the resonant circuit C0-Lr is zero at the operating frequency. By applying
Fourier analyses, the voltage amplitudes on R and Lx are
Vo=RIm =
1

Z 2
0
vS sin( + )d
=
A2BQR

(
IDD

sin(1 + )  1 cos(1 + )  sin
+(2   2D) cos(2D + ) + sin(2D + )  sin(2 + )

+Im

1
4
cos(22 + 2)  1
4
cos(21 + 2) + cos cos(1 + )
+
1
4
cos 2  cos2   1
4
cos(4D + 2) +
1
4
cos(22 + 2)
+ cos(2 + ) cos(2D + )  cos2(2 + )

; (3.46)
and
VX=!LXIm =
1

Z 2
0
vS cos( + )d
=
A2BQR

(
IDD

1 sin(1 + ) + cos(1 + )  cos
+(2D   2) sin(2D + ) + cos(2D + )  cos(2 + )

+Im

1
4
sin(21 + 2)  1
4
sin 2  cos sin(1 + )
+ cos sin+
1
4
sin(4D + 2)  1
4
sin(22 + 2)
  cos(2 + ) sin(2D + ) + cos(2 + ) sin(2 + )
+
1
2
(1   2) + D

; (3.47)
Respectively. From (3.45){(3.47), we have
2VDD
A2BQR
= IDD + Im; (3.48)
IDD
Im
=


; (3.49)
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and
IDD
Im
=
k8 cos
2 + k9 cos sin+ k10
k5 cos  k4 sin : (3.50)
From (3.48) and (3.49), (3.3) and (3.20) can be obtained. Additionally, from (3.49) and
(3.50), IDD=Im can be eliminated and we obtain
(k1k5   k4k8) cos3 + (k2k5   k1k4   k4k9   k5k8) cos2  sin
+( k2k4   k5k9) sin2  cos+ (k5k3   k4k10) cos
+( k3k4   k5k10) sin = 0: (3.51)
Because of cos = cos3  + cos sin2  and sin = sin cos2  + sin3 , (3.51) can be
renewed as
(k1k5   k4k8 + k5k3   k4k10) cos3 + ( k3k4   k5k10) sin3 
+(k2k5   k1k4   k4k9   k5k8   k3k4   k5k10) cos2  sin
+(k3k5   k2k4   k5k9   k4k10) sin2  cos = 0: (3.52)
By dividing (3.52) by cos3 , (3.15) can be derived.
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Table 3.1: Analytical predictions and experimental measurements for nominal condition
Analytical Measured Dierence
VDD 5.0 V 5.0 V 0.00 %
D 0.5 0.5 0.00 %
f 1 MHz 1 MHz 0.00 %
R 5.00 
 4.99 
  0.20 %
LC 34.7 H 43.0 H 24.1 %
L0 7.96 H 8.01 H 0.68 %
CS 5.84 nF 5.81 nF  0.65 %
C0 3.60 nF 3.53 nF  1.88 %
rS - 0.16 
 -
rCS - 0.0 
 -
rL0C0 - 0.20 
 -
rLC - 0.01 
 -
Po 2.88 W 2.87 W  0.35 %
 92.2 % 91.8 %  0.46 %
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Table 3.2: Computation times by using analytical expressions and PSpice simulation
Figure 3.8 Figure 3.9
Analytical Simulated Analytical Simulated
0.406 s 432 s 0.390 s 642 s
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Figure 3.1: (a) Circuit topology of class-E inverter. (b) Equivalent circuit of class-E
inverter.
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Figure 3.4: Flowchart for obtaining 1 and 2.
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Figure 3.5: Equivalent circuit of class-E inverter for power-loss calculations.
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Figure 3.11: Waveforms obtained from analytical expressions (dashed line), PSpice simu-
lations (dotted line), and circuit experiments (solid line). (a) Case 1 for C0=C0nom = 0:95
and CS=CSnom = 1. (b) Case 2 for C0=C0nom = 1:2 and CS=CSnom = 0:6. (c) Case 3
for C0=C0nom = 0:95 and CS=CSnom = 0:4. (d) another class-E switching condition for
f=fnom = 1:14 and D = 0:75.
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3. Class-E Inverter Outside Nominal Operation 96
0
0.2
0.4
0.6
0.8
1
1.2
0.8 0.9 1 1.1 1.2
Case 1 Case 2 Case 3
Leq/Leqnom
R
e
q
/R
e
q
n
o
m
Ro=Ronom
Ro= 0
Ro = ∞
0
0.2
0.4
0.6
0.8
1
1 1.1 1.2 1.3
Lrs/Lrsnom
L
p
/L
p
n
o
m
ZVS Region
(any Ro)
(a) (b)
0.1
1
10
100
1000
0 0.5 1 1.5
Lp/Lpnom
R
o
/R
o
n
o
m
0.001
0.01
0.1
1
10
100
1000
0.7 0.8 0.9 1 1.1 1.2 1.3
Lrs/Lrsnom
R
o
/R
o
n
o
m
(c) (d)
Cut plane for (d)Cut plane for (c)
ZVS Region
(any Ro)
ZVS Region
(any Ro)
Case 1 Case 2 Case 3Case 1 Case 2 Case 3
Figure 3.13: Switching-pattern distributions for the class-E inverter with inductive
impedance inverter. (a) Switching-pattern distribution on Leq=Leqnom and Req=Reqnom
plane and the variation of Leq and Req against Ro. (b) ZVS region at any Ro on Lrs=Lrsnom
and Lp=Lpnom plane. (c) Switching-pattern distribution on Lp=Lpnom and Ro=Ronom plane
at Lrs=Lrsnom = 1:07. (d) Switching-pattern distribution on Lrs=Lrsnom and Ro=Ronom
plane at Lp=Lpnom = 0:7.
3. Class-E Inverter Outside Nominal Operation 97
0 pi 2pi 3pi 4pi 0 pi 2pi 3pi 4pi
v
g
 (
V
)
v
S
 (
V
)
 v
o
 (
V
) 10
-10
20
0
0
10
0
1 µs 2 µs0 µs
(a)
10
-10
20
0
0
10
0
1 µs 2 µs0 µs
ONOFF ONOFFONOFF ONOFF
(b)
v
g
 (
V
)
v
S
 (
V
)
 v
o
 (
V
)
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Chapter 4
Locking Range Derivations for
Injection-Locked Class-E Oscillator
Applying Phase Reduction Theory
●● ABSTRACT ●●
This chapter presents a numerical locking-range prediction for the injection-locked class-
E oscillator using the phase reduction theory (PRT). By applying this method to the
injection-locked class-E oscillator designs, which is in the eld of electrical engineering,
the locking ranges of the oscillator on any injection-signal waveform can be eciently
obtained. The locking ranges obtained from the proposed method quantitatively agreed
with those obtained from the simulations and circuit experiments, showing the validity
and eectiveness of the locking-range derivation method based on PRT.
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4.1 Introduction
In recent years, resonant class-D [1], class-E [2]-[14], and class-DE [15] power oscillators
have been widely used in various applications. These resonant power oscillators are oscil-
lated by the feedback voltage transformed from the output voltage. Class-E and class-DE
oscillators can achieve high power-conversion eciencies at high frequencies because of
the class-E zero-voltage switching and zero-derivative switching (ZVS/ZDS) operations.
Because of their high operational eciency, these oscillators have many applications such
as electric ballasts [6], [7], DC-DC converters [8], [9], and transmitters for wireless power
transfer [10], [11], and wireless communication [12]. In such applications, a limitation of
the oscillator is that the free-running frequency usually has a small error from the speci-
ed frequency owing to component tolerances. Therefore, accurately specied frequency
operations are required for practical usage that considers the radio law and phase noise.
The injection locking technique [13], [14], [16]-[33] is one solution for this problem.
In the injection-locked class-E oscillator [13], [14], the injection circuit is added to the
class-E free-running oscillator for oscillation frequency stabilization. When the feedback
voltage of the free-running class-E oscillator is synchronized with the small injection signal,
the frequency of the class-E oscillator can be xed at the injection signal frequency.
The locking range prediction for the injection-locked resonant power oscillator is very
important and useful for oscillator design [18], [19]. This is because the required injection
power for the synchronization can be estimated in the design process.
Analytical expressions of the locking ranges have been previously reported [13] on the
basis of Adler's equation [16]-[22]. From these analytical expressions, the locking ranges
of injection-locked class-E oscillator can be approximately estimated. This analysis is,
however, only valid for the case in which the injection signal is a sinusoidal waveform.
For the implementation point of view, it is useful to predict the locking ranges on var-
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ious injection-signal waveforms. In previous research [14], the locking ranges for the
injection-locked class-E oscillator with various injection signal waveforms were numeri-
cally obtained. It was also shown that the locking ranges depend on the injection-signal
waveform [14]; however, the numerical derivations of locking ranges in this study require
high computation cost.
The phase reduction theory (PRT) [24]-[31] is an analysis method developed in the
eld of physics used for investigating the synchronization phenomena. By expressing
the oscillator dynamics as functions of phase variables, the synchronization range can be
easily and accurately obtained. The phase sensitivity function (PSF) represents a phase
gradient on the limit cycle of the oscillator, which is the most important function used for
investigating the synchronization ranges in PRT. The locking range can be obtained from
the convolution integral of the PSF and the function of the injection signal. In previous
research [29]-[31], PRT has been applied to the weakly coupled oscillators, such as Sturart-
Landau and van der Pol oscillators, which shows the utility of PRT. Nevertheless, PRT
has never been fully utilized in the research eld of power electronics. In this sense, it is
important to show that PRT can be applied to the design of resonant power oscillators
as an application example.
The objective of this study is to present the feasibility of locking range predictions
of the resonant power oscillator by PRT. To our knowledge, our study here is the rst
study to show a systematic design process with respect to the locking ranges of the res-
onant oscillator, which can be applied to other injection-locked resonant-power-oscillator
designs. It is shown that PRT is quite useful for obtaining the locking ranges of injection-
locked class-E oscillators. By applying PRT, it is possible to obtain the locking ranges
on any injection-signal waveform at a low computation cost. By conducting simulations
and circuit experiments, it was conrmed that the locking ranges predicted by the pro-
posed method quantitatively agree with those obtained from the simulations and circuit
4. Locking Range Derivations for Injection-Locked Class-E Oscillator 105
experiments, thereby demonstrating the validity and eectiveness of the proposed locking-
range-derivation method based on PRT.
4.2 Injection-Locked Class-E Oscillator
Figure 4.1(a) shows the circuit topology of the injection-locked class-E oscillator [13],
[14]. This circuit consists of the class-E free-running oscillator [2]-[5] and injection circuit.
The class-E free-running oscillator has DC-supply voltage VDD, DC-feed inductance LC ,
MOSFET as a switching device S, shunt capacitance CS, series resonant circuit L0 C0 
R, voltage-dividing capacitances C1 and C2, feedback inductance Lf for phase shifting,
and resistances Rd1 and Rd2 for supplying the bias voltage across the gate-to-source of
the MOSFET, which are suciently large to neglect the current through them.
Figure 4.2 shows example waveforms of the free-running class-E oscillator, particularly
for vinj = 0 in Fig. 4.1(a). Generally, the resonant circuit L0 C0 R in the oscillator has
a high quality factor Q. Therefore, the current through the resonant circuit i is regarded
as a pure sinusoidal current. The feedback voltage vf , which is obtained from the output
voltage, controls the MOSFET. During vf  Vth, the MOSFET is in the \on" state, as
shown in Fig. 4.2, where Vth is the gate threshold voltage. On the contrary, in the case
of vf < Vth, the MOSFET is in the \o" state. During the switch to the o state, the
current through the shunt capacitance CS produces a pulse-like shape of voltage across
the switch, as shown in Fig. 4.2. The switching losses are reduced to zero by the operating
requirements of zero voltage and zero derivative voltage at the turn-on instant, which are
known as class-E ZVS/ZDS conditions [2]-[15], [34] and are expressed as
vS(2) = 0 and
dvS
d

=2
= 0: (4.1)
The power dissipations caused in the feedback network are kept small because the
current if through the feedback network is much smaller than the output current i.
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Usually, the free-running frequency ffree has an error from the specied frequency. One
of the techniques used to solve this problem is injection locking [13], [14], [16]-[33]. Because
the injection-signal power is low, it is possible to obtain the injection-locked oscillator by
just adding the injection signal to the original free-running oscillator. Therefore, the
circuit design is simple even when the injection-locking technique is applied. For the
injection-locked class-E oscillator used in previous studies [13], [14], a small voltage is
injected into the MOSFET gate terminal, as shown in Fig. 4.1(a). If the feedback voltage
of the class-E free-running oscillator is synchronized with the injection signal vinj, the
oscillation frequency is locked with the injection-signal frequency finj, which means the
frequency of the output voltage is xed with finj. It is easy to achieve synchronization as
the injection-signal power increases. However, high power injection aects the waveforms
of the feedback voltage and switch-on duty ratio, which yields the design complexity.
It is necessary to conduct the total design of the free-running oscillator and injection
circuits for large perturbation. Additionally, low injection-signal power is good from a
power-added eciency perspective.
4.3 Phase Reduction Theory for Injection-Locked Os-
cillator
PRT [24]-[31] is an analytical method developed in the eld of physics for investigating
the synchronization phenomena. By expressing the oscillator dynamics as functions of
phase variables, the synchronization range can be obtained easily and accurately.
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4.3.1 Phase Function
It is considered that a non-perturbed dynamical system can be expressed as
dx()
d
= F (x()); (4.2)
where  = !t = 2ffreet 2 R and x 2 Rn denote the angular time with free-running
frequency and the state-variation vector, respectively. In this study, for simplicity,
F : RRn ! Rn(x())! F (x()) (4.3)
is periodic in  with period 2 as follows:
F (x( + 2)) = F (x()): (4.4)
It is assumed that (4.2) has a solution x() = '(), and that this solution has a limit
cycle in the phase space, as shown in Fig. 4.3(a). For the dynamical system, a phase
variable is dened as
(') = ; (4.5)
where  has 2-periodicity. The derivative of  is obtained as
d
d
=
@
@x
 d'
d
=
@
@x
 F (x())
= 1: (4.6)
The perturbed dynamical system of (4.2) is expressed as
dx()
d
= F (x()) +G(); (4.7)
where G() represents the weak perturbation, which expresses the injection signal in
this study, and  = 
t is the angular time of perturbation with the angular frequency

 = 2finj. It is also assumed that (4.7) has a solution x() = 'p(). The perturbation
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drives the trajectory away from the limit cycle '. However, the trajectory 'p only slightly
deviates from the original trajectory ' because the injection signal is small if the limit
cycle 'p is stable. Therefore, we can dene the phase p on 'p in the neighborhood of
', as shown in Fig. 4.3(a).
From (4.6) and (4.7), the phase dynamics of the perturbed dynamical system can be
expressed as
dp
d
=
@p
@x

x='p(p)
 d'p
d
=
@p
@x

x='p(p)


F (x()) +G()

= 1 +
@p
@x

x='p(p)
G(): (4.8)
When the perturbation is small, the deviation of 'p from the original trajectory ' is
also small. Therefore, @p=@x, which is included in the right-hand side of (4.8), can be
approximated as
@p
@x

x='p(p)
 @
@x

x='()
= Z(): (4.9)
Z() is known as the phase sensitivity function (PSF). By substituting (4.9) into (4.8),
we can obtain the phase function of the perturbed dynamical system as
dp
d
 1 +Z() G(): (4.10)
4.3.2 Time Averaging for Simplication
The phase dierence between the perturbed limit cycle and the external force is
 = p  : (4.11)
By eliminating p from (4.10) and (4.11), we can obtain
d 
d
 1  d
d
+Z( +) G()
= 1  

!
+Z( +) G(): (4.12)
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Because 
=!  1 and G()  1, the variation of  is much slower than that of .
Therefore,  is regarded as constant during one period of the dynamical system and
(4.12) can be simplied by averaging  as follows:
d 
d
= 1  

!
+
1
2
Z 2
0
Z( +) G()d;
= 1  

!
+  ( ): (4.13)
4.3.3 Locking Range
When d =d = 0, the original oscillator is synchronized with the weak forcing signal.
Figure 4.3(b) shows d =d as a function of  . If there is at least one solution of d =d = 0
for  , the phase dierence is locked in the steady state.  ( ) is a periodic function of  
because Z and G are the 2-periodicity functions. As shown in Fig. 4.3(b), d =d has
at least one solution for  if the 1  
=! is in the range of
  max  1  

!
   min; (4.14)
where  min and  max are the minimum and maximum values of  ( ). From (4.14), the
locking range is obtained as
 min + 1  

!
  max + 1: (4.15)
 ( ) can be obtained by the convolution integral of the PSF and forcing signal as given
in (4.13). Therefore, the locking ranges of the injection-locked oscillator can be derived
regardless of G, particularly injection-signal waveforms, after the PSF is obtained.
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4.4 Design of Injection-Locked Class-E Oscillator
4.4.1 Assumptions
For both the free-running class-E oscillator design and the locking-range derivations, it
is necessary to formulate the circuit equations of the injection-locked class-E oscillator,
which corresponds to (4.7). The circuit equations are based on the following assumptions.
a) The MOSFET is used as a switching device S, which has zero switching times, innite
o resistance, and on resistance rS.
b) The MOSFET has an equivalent series capacitance and equivalent series resistance
(ESR) between the gate and the source of the MOSFET, which are Cg and rg, re-
spectively.
c) IRF530 MOSFET is used as a switching device S. Table 4.1 gives the IRF530 MOS-
FET parameters. In this table, Vth, rS, and VfFET were obtained from the FET
manual, where VfFET is the permissible maximum gate-source voltage. Cg and rg
were measured by HP 16047A at 1 MHz.
d) All of the inductances LC , L0, and Lf have an ESR rLC , LL0 , and rLf , respectively.
e) The shunt capacitance CS includes the MOSFET drain-to-source parasitic capaci-
tances.
f) All of the passive elements including switch-on resistance, MOSFET parasitic capac-
itances, and ESRs of inductances work as linear elements.
g) The MOSFET turns on at  = 0 and turns o at  =  in the free-running operation.
From above assumptions, we have an equivalent circuit of the injection-locked class-E
oscillator, as shown in Fig. 4.1(b).
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4.4.2 Circuit Equations
From the equivalent circuit in Fig. 4.1(b), the circuit equations are expressed as
8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
R
VDD
diDD
d
=
R
!LC

1  vS
VDD
  rLC iDD
VDD

1
VDD
dvS
d
=
1
!CSVDD

iDD   vS
RS
  i

1
VDD
dv
d
=
i
!C0VDD
R
VDD
di
d
=
R
!L0
vS   v   v1   v2   rL0i
VDD
1
VDD
dv1
d
=
1
!C1VDD

i  v1 + v2
R

1
VDD
dv2
d
=
1
!C2VDD

i  v1 + v2
R
  if

rg
VDD
dif
d
=
rg
!Lf
v2   vf   rLf if
VDD
1
VDD
dvg
d
=
1
!Cgrg

1
rg
+
1
Rd1
+
1
Rd2
+
1
Rinj
  if
VDD
+
1
Rd1
+
1
Rinj
vinj   vCinj
VDD
  vg
VDD

1
Rd1
+
1
Rd2
+
1
Rinj

1
VDD
dvCinj
d
=
vinj   vCinj   vf
!CinjRinjVDD
vf = vg + !Cgrg
dvg
d
:
(4.16)
In (4.16), RS is the equivalent resistance of the switch. According to the assumption
a) and f), RS is expressed as
RS =
8><>: rS for (Vth   vf )  01 for (Vth   vf ) > 0 (4.17)
Now, x 2 R9 and G 2 R9 are dened as
x() =
1
VDD
[RiDD(); vS(); v(); Ri(); v1(); v2(); rgif (); vg(); vCinj()]
T
(4.18)
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and
G() =
vinj
VDD
[0; 0; 0; 0; 0; 0; g1; g2; g3]
T ; (4.19)
where
g1 =   rg
!LfRinj

1
rg
+
1
Rd1
+
1
Rd2
+
1
Rinj
 ; (4.20)
g2 =
1
!CgrgRinj

1
rg
+
1
Rd1
+
1
Rd2
+
1
Rinj
 ; (4.21)
and
g3 =
1
!CinjRinj
26641  1
Rinj

1
rg
+
1
Rd1
+
1
Rd2
+
1
Rinj

3775 : (4.22)
Using x and G, (4.16) is expressed as
dx()
d
= F (x()) +G(); (4.23)
which corresponds to (4.7).
In this study, numerical waveforms are obtained by solving the dierential equations
with the forth-order Runge-Kutta method.
4.4.3 Free-Running Class-E Oscillator Design
The design specications for the design example are given as follows: operating fre-
quency f = 1 MHz, input voltage VDD = 12 V, output quality factor Q = !L0=R = 5,
output resistance R = 25 
, RMS voltage across the output resistance Vo = 9 V, ratio of
the output resonant inductance to the DC-feed inductance L0=LC = 0:1, Vfmax = 15 V,
Rinj = 2 k
, and Cinj = 0:1 F. Because Vth = 3 V and VDD = 12 V, Rd1 = 750 k
 and
Rd2 = 250 k
. Additionally, rS = 0:16 
, Cg = 1:78 nF, and rg = 2:17 
 were obtained as
given in Table 4.1, and all of the ESRs of the inductances are zero in the design process.
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The class-E free-running oscillator for achieving the class-E ZVS/ZDS conditions can be
obtained, as given in Table 4.2, by following design methods previously reported [5], [8].
It should be noted that vinj = 0 is given for the free-running oscillator design.
Figure 4.4 shows the numerical and experimental waveforms of the free-running class-
E oscillator, and Table 4.2 gives the measurement results. All experimental element
values were measured using a HP4284A LCR meter, and the voltages and currents were
measured using a Agilent 3458A multimeter. The parasitic capacitance of the IRF530
MOSFET was estimated to be 270 pF, which was obtained from a previous study [34].
Figure 4.4 and Table 4.2 show that the experimental results quantitatively agreed with
the numerical predictions. In the free-running oscillator, the free-running frequency is
1:0077 MHz, which was measured by the multimeter.
4.5 Derivation of Locking Ranges
In this section, the locking ranges for the injection-locked class-E oscillator are estimated
on the basis of PRT.
4.5.1 Denition of Impulse Sensitivity Function and Linear Re-
sponse Region
For deriving the locking ranges, it is necessary to obtain the PSF as stated in Sect. 4.3
because  ( ) is obtained by the convolution integral of the PSF and the injection signal.
The PSF can be regarded as the impulse response of the phase [18], [20], [21], [23], [28].
In the proposed locking-range derivation method, the PSF is obtained numerically.
It is assumed that the free-running class-E oscillator is in the steady state because the
phase in (4.7) is dened in the steady-state. An impulsive voltage perturbation can be
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injected at any phase of the one-cycle oscillation. Figure 4.5 shows an example of the
trajectory when the impulse perturbation is injected at  = i. After injecting the pulse
waveform, the waveforms return to the steady state via transient response. However,
a phase shift  remains, as shown in Fig. 4.5. In particular, the phase shift  is
expressed as a function of the injection phase i. This function is known as the impulse
sensitivity function (ISF) [18], [20], [21], [23], [28]. The ISF is apparently equivalent to
the PSF because the PSF represents the phase gradient on the limit cycle of the oscillator
@=@x. When the ISF is determined numerically, the injection-pulse width wp and height
hp are important because the phase shift depends on the impulse-perturbation injection
phase i in addition to the pulse shape. If the pulse is narrow and low, the phase shift
is in proportion to the pulse area. The region where  is in proportion to hp=VDD is
dened as the linear response region (LRR). When the ISF is obtained in this region, it
is uniquely determined by normalizing the phase shift by the pulse area.
 ( ) is obtained from
 ( ) =
1
2
Z 2
0
Z0( +)  vinj()
VDD
d; (4.24)
where Z0(i) is the ISF.
4.5.2 Numerical Derivation of ISF
Figure 4.6 shows  as a function of the impulse amplitude for i = 0 and ! = 0:0022.
In particular, the injection voltage vinj=VDD is
vinj
VDD
=
8><>:
hp
VDD
; for i   < wp
0: for other
(4.25)
The pulse-shape waveforms were injected at the instant of switch turn-on (i =  = 0),
and the phase shifts through the transient state with 5000 periods was plotted. It was
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conrmed that 5000 periods are suciently long for the oscillator to be in the steady
state. It is seen from the extended region in Fig. 4.6 that the phase shift varies linearly
with the pulse height. From this gure, the impulse signal that has hp=VDD = 0:833,
particularly hp = 10 V, and wp = 0:002  2 is used for the ISF derivation.
Figure 4.7 shows the ISF of the designed class-E oscillator. The ISF is dened as the
phase shift by applying a unit impulse as a function of injection point. It is ensured that
the phase shift is in proportion to the pulse area because it is in the LRR, as shown in
Fig. 6. Therefore, the ISF is obtained from
Z0(i) =

hp
VDD
 wp
: (4.26)
It is seen in Fig. 4.7 that a discontinuous point appears at i = , particularly switch
turn-o instant, because there was a jump in the switch current at the turn-o instant,
as shown in Fig. 4.2. In contrast, Z0 at i = 2, particularly turn-on instant, was
continuous, as shown in Fig. 4.7. This is because the class-E ZVS/ZDS conditions, which
are given in (1), were achieved. Because of these conditions, both the switch current and
voltage waveforms were continuous at  = 2.
4.5.3 Locking Ranges of Designed Oscillator
The locking ranges of the class-E oscillator for three types of injection signals vinj, which
are sinusoidal, rectangular, and triangle waveform signals, are predicted. The injection
signals are expressed as
1. sinusoidal wave
vinj
VDD
=
Vs
VDD
sin; (4.27)
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2. rectangular wave
vinj
VDD
=
8><>:
Vr
VDD
; for 0   < 
0; for    < 2
(4.28)
and
3. triangle wave
vinj
VDD
=
8>>>>>>><>>>>>>>:
2Vt
VDD
; for 0   < 
2
Vt
VDD
  2Vt
VDD

  
2

; for

2
  < 3
2
 Vt
VDD
+
2Vt
VDD

  3
2

; for
3
2
  < 2
(4.29)
where Vs, Vr, and Vt are the peak values of each waveforms.
 ( ) can be obtained numerically by the convolution integral of the ISF shown in
Fig. 4.7 and the injection signal. For the numerical calculations, the 50th order Fourier
expansion of the ISF is applied to the convolution integral calculations with the injection
waveforms, which provides an accurate approximation.
Figure 4.8 shows the locking ranges of the designed injection-locked class-E oscillator
for each injection waveform. It is shown in (4.24) that  ( ) varies linearly with the
injection signal. Therefore, the theoretical locking ranges increase in proportion to the
peak voltage of the injection voltages. The numerical results in Fig. 4.8 were obtained
by the calculation algorithm in [14]. It is shown in Fig. 4.8 that the theoretical locking
ranges quantitatively agree with the experimental and the numerical ranges, regardless of
injection-signal waveforms, which validates the eectiveness and usefulness of the locking-
range predictions based on PRT. Because (4.15) and (4.16) are normalized by the free-
running frequency, it can be stated that the locking ranges in Fig. 4.8 are independent of
the specied operating frequency.
Figure 4.8(a) also shows the analytical locking range from a previous study [13] based
on Adler's equation [16]. It can be stated that the proposed locking-range prediction
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method gives more accurate locking ranges than the values from the analytical method
[13]. Compared with the analytical derivation method of locking ranges [13], [32], [33], the
numerical derivation method presented in this chapter includes the following advantages:
(1) When the circuit equations are formulated, the locking ranges can be estimated follow-
ing the similar calculations steps presented in this chapter. In particular, the proposed
method can be adapted to any practical oscillators with many variables. In addition,
the accurate locking ranges can be obtained by formulating circuit model in detail. (2)
Locking ranges on any injection-signal waveform can be eciently obtained because the
ISF is independent of the injection-signal waveform.
Figure 4.9 shows the output power and power conversion eciency as a function of
frequency ratio for the sinusoidal-wave injection at Vs=VDD = 0:25 (Vs = 3:0 V). For
obtaining the numerical results in Fig. 4.9, the ESRs of the inductances given in Table
4.2 were considered. In this gure, it is shown that a power conversion eciency of
more than 93 % can be kept in all locking ranges. This is because the injection signal
does not aect the switch-voltage waveform, and the class-E ZVS/ZDS conditions can be
achieved. Figure 4.10 shows the numerical and measured waveforms for 
 = 0:99551! and

 = 1:00449! at Vs = 3 V. It is shown in the gure that the class-E ZVS/ZDS conditions
were satised in both numerical and measured switch-voltage waveforms. The gure also
shows that the oscillation frequencies were locked with the injection-signal frequencies in
both Fig. 4.10(a) and (b). Additionally, it was conrmed that the phase shift between
vinj and if , particularly  in Fig. 4.10(a), is dierent from that in Fig. 4.10(b).
4.6 Conclusion
This chapter has presented the numerical derivation method of the locking range for the
injection-locked class-E oscillator using PRT. It is possible to obtain the locking ranges on
4. Locking Range Derivations for Injection-Locked Class-E Oscillator 118
any injection-signal waveform accurately from PRT with low computation cost. The pre-
dicted locking ranges from the proposed locking-range derivation method quantitatively
agree with those obtained from the simulations and circuit experiments, which shows the
validity of this method.
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Table 4.1: IRF530 MOSFET model used in design
Threshold voltage Vth 3 V
Switch on resistance rS 0.16 

Equivalent series capacitance Cg 1.78 nF
Equivalent series resistance rg 2.17 

Maximum gate-source voltage VfFET 20 V
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Table 4.2: Design values of injection-locked class-E oscillator
Calculated Measured Dierences
LC 199 H 214 H 7:5 %
L0 19:9 H 19:9 H  0:20 %
Lf 16:5 H 16:5 H  0:36 %
CS 1:50 nF 1:46 nF  2:5 %
C0 1:75 nF 1:74 nF  0:68 %
C1 1:80 nF 1:79 nF  0:83 %
C2 17:3 nF 17:4 nF  0:38 %
R 25:0 
 25:0 
  0:090 %
Rd1 750 k
 752 k
 0:20 %
Rd2 250 k
 249 k
  0:21 %
rLC - 0:0100 
 -
rL0 - 0:503 
 -
rLf - 0:400 
 -
Rinj 2 k
 1:98 k
  0:80 %
Cinj 0:100 F 0:101 F 1:4 %
ffree 1 MHz 1:0077 MHz 0:77 %
VDD 12:0 V 12:0 V 0:0 %
Vo 9:0 V 8:80 V  2:2 %
IDD 0:277 A 0:278 A 0:36 %
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Figure 4.1: Circuit descriptions. (a) Injection-locked class-E oscillator. (b) Equivalent
circuit.
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Figure 4.3: Example of oscillator dynamics. (a) Limit cycle. (b) d =dt versus  .
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Figure 4.5: Phase shift due to impulse perturbation at 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 of the designed injection-locked class-E oscillator for 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Chapter 5
Analysis and Design of Loosely
Inductive Coupled Wireless Power
Transfer With Class-E2 DC-DC
Converter
●● ABSTRACT ●●
This chapter presents analytical expressions and a design procedure for the loosely in-
ductive coupled WPT systems with the class-E2 dc-dc converter. By using the analyt-
ical expressions, it is possible to obtain component values of the class-E2 WPT system
for achieving high power-delivery eciency. The analytical predictions agree with the
PSpice-simulation and experimental results quantitatively, which showed the validities of
the analytical expressions and design procedure.
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5.1 Introduction
Recently, wireless power transfer (WPT) systems have received considerable attentions
[1]-[17]. Loosely inductive coupling (LIC) is one of the coupling states for WPT systems
and it has been widely used for a variety of applications, such as wireless battery charging
for electric vehicles [5], bio-medical implants [6], and so on. For achieving high power-
delivery eciency, it is important to design not only a low power-loss LIC, but also a
high power-conversion-eciency dc-ac inverter and an ac-dc rectier. For achieving high
power-conversion eciency, the class-E inverter [18]-[23] or the class-DE inverter [24], [25]
was applied in the inverter part of the WPT systems [7]-[13]. Because of the class-E zero-
voltage switching and zero-derivative switching (ZVS/ZDS) conditions [18], the class-E
and -DE inverters can achieve high power-conversion eciency at high frequencies. In [7]-
[13], [24], and [25], however, the power-conversion-eciency enhancement of the rectier
was not considered.
The class-E2 dc-dc converter [26]-[28], which consists of the class-E inverter and the
class-E rectier [17], [29]-[31], is one of the resonant dc-dc converters achieving high
power-conversion eciency at high frequencies. This is because both the inverter and the
rectier satisfy the class-E ZVS/ZDS conditions. The WPT systems with the class-E2
dc-dc converter and its numerical design procedure have been presented in [14] and [16].
Because of the numerical design approach, the class-E2 WPT system can be designed
with no system analysis and no impedance-matching consideration. Accurate component
values for achieving the class-E ZVS/ZDS conditions can be obtained by the numerical
design procedure. However, further power-delivery eciency enhancement has never been
considered in the numerical design procedure. This is because it is dicult to comprehend
the relationships among component values and system performance such as power-delivery
eciency from the numerical designs. The analytical design approach may cultivate
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designer's fundamental understanding and intuition of WPT system designs compared
with the numerical design approach.
This chapter presents analytical expressions and a design procedure for the LIC-WPT
system with class-E2 dc-dc converter. By using the analytical expressions, it is possible to
obtain component values of the class-E2 WPT system for achieving the class-E ZVS/ZDS
conditions. Additionally, the analytical expressions suggest designers how to determine
the component values for power-delivery eciency enhancement. I propose that compo-
nent values of the rectier are used for the power-delivery eciency enhancement and the
output power is adjusted by the inverter component values. The analytical predictions
agree with the PSpice-simulation and experimental results quantitatively, which showed
the validities of the analytical expressions and the design procedure. In the laboratory
experiment, the WPT system for 10 cm coil distance achieved 77:1 % power-delivery
eciency with 10 W (50 
/22.4 V) output power at 1 MHz operating frequency.
5.2 Class-E2 DC-DC Converter
Figure 5.1 shows a topology of the class-E2 dc-dc converter [26]-[28], which consists
of the class-E inverter [18]-[23] and the class-E rectier [17], [29]-[31]. Figure 5.2 shows
example waveforms of the class-E2 dc-dc converter, where  = 2ft = !t is the angular
time and f is the operating frequency. Because both the class-E inverter and the class-E
rectier satisfy the class-E ZVS/ZDS conditions, the class-E2 dc-dc converter can achieve
high power conversion eciency at high frequencies with low level of EMI/RFI.
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5.2.1 Class-E Inverter
The class-E inverter consists of input voltage VI , dc-feed inductance LC , MOSFET
S as a switching device, shunt capacitance CS, and series resonant network Cr   Lr as
shown on the left-hand side of Fig. 5.1. If the dc-feed inductance LC is large, the input
current II of the inverter is approximately constant as shown in Fig. 5.2. If the loaded
quality factor Q of the resonant network is high, the current through the resonant network
iinv has a sinusoidal waveform. The MOSFET is driven by the driving signal vg. When
the switch is in on-state, the voltage across the switch is approximately zero and the
switch current iS ows through the MOSFET as shown in Fig. 5.2. During the switch-
o interval, the dierence of currents through the dc-feed inductance and the resonant
lter, which is expressed as iCS = !CSdvS=d, ows through the shunt capacitance. The
current through the shunt capacitance produces the pulse-shape switch voltage as shown
in Fig. 5.2. The most important operation of the class-E inverter is the operation under
the class-E ZVS/ZDS conditions at turn-on instant, which are expressed as
vS(2) = 0 and
dvS
d

=2
= 0: (5.1)
Because of the class-E ZVS/ZDS conditions, the class-E inverter achieves high power-
conversion eciency at high frequencies. It is, however, not easy to achieve the class-
E ZVS/ZDS conditions because the two strict conditions in (5.1) should be satised
simultaneously. Generally, input voltage, MOSFET on-duty ratio, resonant inductor, and
load resistance are given as design specications in the class-E inverter designs. Therefore,
the shunt capacitance and the resonant capacitance are determined uniquely for achieving
the class-E ZVS/ZDS conditions. In addition, the output power of the inverter is xed
from the combination of the input voltage and the load resistance. For obtaining the
component values, many analytical expressions and design procedures for the class-E
inverter have been presented until now [19]-[23].
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5.2.2 Class-E Rectier
The class-E rectier consists of diode D as a switching device, shunt capacitance CD,
low-pass lter network Lf Cf , and load resistance RL as shown on the right-hand side of
Fig. 5.1. The waveforms of the class-E rectier are reversed versions of those of the class-E
inverter as shown in Fig. 5.2. The diode works as a half-wave voltage rectier and the
rectied voltage is converted into a dc voltage through the low-pass lter Lf  Cf . While
the diode D is in the o-state, the current, which is expressed as iCD = !CDdvD=d, ows
through the shunt capacitance CD. During the diode-o period, the power dissipation in
the diode is nearly zero since the diode current iD is negligible. The diode turns on when
the diode voltage decreases to the threshold voltage. While the diode D is in the on-state,
the current iD ows through the diode. In the diode-on duration, the power dissipation
in the diode is also kept small since the diode voltage vD is equal to the threshold voltage,
which is regarded as approximately zero. At the diode turn-o transition, the capacitance
current, namely the derivative of the capacitance voltage, is zero as shown in Fig. 5.2.
From above discussion, it can be stated that the class-E rectier also satises the class-E
ZVS/ZDS conditions at turn-o instant. The class-E ZVS/ZDS conditions reduce the
switching losses and noise. Therefore, the class-E rectier can operate with high power-
conversion eciency at high frequencies.
The class-E rectier operates autonomously though the class-E inverter works with ex-
ternal driving signal. Therefore, the class-E rectier always achieves the class-E ZVS/ZDS
conditions automatically, which is dierent from the class-E inverter. In the class-E recti-
er, the shunt capacitance CD is a key component. The combination of the input current
amplitude of the rectier and the shunt capacitance value determine the duty ratio of the
diode, switch stress on the diode, and output voltage.
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5.3 WPT System with Class-E2 dc-dc converter
5.3.1 Proposed System Topology
Figure 5.3(a) shows a topology of the WPT system with the class-E2 dc-dc converter
[14]-[17], which consists of class-E inverter, resonant inductive coils, and class-E rectier.
This system is regarded as the extended version of the class-E2 dc-dc converter. By ap-
plying the class-E ZVS/ZDS technique to both the inverter and the rectier, the WPT
system can achieve high power-delivery eciency at high frequencies. Compared with the
class-E2 dc-dc converter as shown in Fig. 5.1, the capacitances Cp and C2 are newly added
in the proposed WPT system as shown in Fig. 5.3(a) to form an impedance matching cir-
cuit. In the typical topology of the class-E2 dc-dc converters, the output power is adjusted
by the diode shunt capacitance CD [26]-[28]. By adding the impedance transformation
capacitance Cp to the output network of the inverter, it is possible to adjust the required
output power at the inverter part. This is because the degree of freedom increases by
adding Cp. Therefore, the diode shunt capacitance CD can be used for the power-delivery
eciency enhancement. Additionally, the equivalent resistance of the rectier is changed
by varying C2. The power-delivery eciency increases as the equivalent resistance of the
rectier increases, which is explained analytically in Section 5.5. For the above reasons, a
high power-delivery eciency can be obtained by adding Cp and C2, which is one of the
emphasis points in this study.
5.3.2 Loosely Inductive Coupled Coils
The loosely inductive coupled coils are considered as a connection part between the
inverter and the rectier. The coupled coils L1 and L2 can be modeled as a transformer
with mutual inductance M as shown in Fig. 5.3(a). The magnetizing inductance L1 also
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acts as the resonant inductance of the inverter, which is related to Lr in Fig. 5.1. The
secondary-side coil L2 and C2 provides the sinusoidal current i2 to the rectier, where C2
realizes the impedance matching between the primary and secondary parts.
In the MHz frequency range of the resonant converter, the powder core such as listed in
[32] is often used for coil implementations. Most of cores, however, have a toroidal shape,
which cannot be used at the coupled part of the WPT system. If another core material is
adopted, we suer from a large core loss and thermal management because the big-swing
and high frequency current is very hard to achieve a small core loss [33]. Therefore, the
air-core coils are often applied to the inductive coupled part of the WPT system with
high frequencies [1]-[4], [7]-[17].
The long length of wire is necessary for keeping high inductance in air-core coil, which
yields large winding loss. Therefore, the ESRs of the coils in the WPT system are much
larger than those in the resonant converter, which is the largest dierence between the
class-E2 dc/dc converter and the WPT system designs. Therefore, the conduction losses
in the coils are a dominant factor in the WPT system when the switching losses are zero.
The purpose of this chapter is to design of the class-E inverter and the class-E rectier for
achieving the class-E ZVS/ZDS conditions as well as power-delivery eciency enhance-
ment. In this study, the coupling coil parameters are given as design specications.
5.4 Analytical Expressions
In this section, the analysis of the class-E2 WPT system is carried out. The circuit
operation is considered in the interval 0   < 2. Because the class-E2 WPT system
is regarded as the extended version of the class-E2 dc/dc converter, many analytical
expressions of the converter such as [23] and [26] can be applied to those of the WPT
system.
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5.4.1 Assumptions
The system analysis is based on the following assumptions for simplicity:
a) The MOSFET S is operated as an ideal switching device, namely, it has zero on-
resistance, innite o-resistance, and zero switching times.
b) The diode D is also operated as an ideal switching device. Therefore, it has zero
forward voltage drop, innite o-resistance, and zero switching times.
c) The shunt capacitances CS and CD include the parasitic capacitances of the MOS-
FET S and the diode D, respectively.
d) The dc-feed inductance LC is high enough so that the current through the dc-feed
inductance is constant.
e) The loaded Q-factor in the inverter is high enough to generate a pure sinusoidal
resonant current i1.
f) All the passive elements including switching-device parasitic capacitances operate
as linear elements.
g) By applying the class-E ZVS/ZDS conditions, not only the switching loss reduction,
but also the switching-noise reduction can be achieved. Therefore, it is assumed that
both inverter and rectier satisfy the class-E ZVS/ZDS conditions.
h) The MOSFET is in on-state for 0   < 2DS and in o-state for 2DS   < 2,
where DS is the MOSFET on-duty ratio.
From above assumptions, the equivalent circuit of the WPT system is illustrated in
Fig. 5.3(b), where k = jM=pL1L2j is a coupling coecient.
5. Analysis and Design of LIC-WPT With Class-E2 DC-DC Converter 143
5.4.2 Class-E Rectier
The detailed analysis of the class-E rectier was carried out in [26]. This subsection
shows a summary of the results in [26]. The input current of the rectier i2, which ows
through the L2   C2 resonant lter, is
i2 =
p
2I2 sin( + r); (5.2)
where I2 and r are the eective value of i2 and the phase shift between the driving signal
of the inverter vg and the input current of the rectier i2. Because the diode current iD
is zero at  = 2   r + d, namely iD = Io  
p
2I2 sind = 0, I2 is expressed as
I2 =
Iop
2 sind
=
Vop
2RL sind
; (5.3)
where Io, Vo, RL, and d are output dc current, output dc voltage, load resistance of the
WPT system, and phase shift between i2 and the diode voltage vD, respectively. d can
be obtained from
tand =
1  cos(2Dd)
2(1 Dd) + sin(2Dd) ; (5.4)
where Dd is the switch-on duty ratio of the diode.
By using Dd and RL, the shunt capacitance of the diode is expressed as
CD =
1
2!RL

1  cos(2Dd)  22(1 Dd)2 + [2(1 Dd) + sin(2Dd)]
2
1  cos(2Dd)

: (5.5)
The class-E rectier can be replaced by the input capacitance Ci and the input resistance
Ri, which are connected in serial as shown in Fig. 5.3(d). The input capacitance Ci is
Ci = 4CD[4(1 Dd) + 4 sin(2Dd)  sin(4Dd) cos(2d)
 2 sin(2d) sin2(2Dd)  8(1 Dd) sind sin(2Dd   d)] 1: (5.6)
The input resistance Ri can be also obtained as
Ri = 2RL sin
2 d (5.7)
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The equivalent capacitance of C2 and Ci connected in serial Csec is expressed as
Csec =
C2Ci
C2 + Ci
: (5.8)
From the equivalent capacitance and the input resistance, r is expressed as
r = inv + p + t = inv + p +

2
  tan 1

!L2   1
!Csec

Ri
; (5.9)
where inv, p, and t are the phase shifts between the driving signal vg and the inverter
current iinv, between iinv and the current through the primary coil i1, and between i1 and
i2, respectively. inv and p are derived in Section 5.4-D.
5.4.3 Coupling Part
From (5.6) and (5.7), the impedance Zsec, which is dened in Fig. 5.3(d), is expressed
as
Zsec = RL2 +Ri + j

!L2   1
!Csec

; (5.10)
From (5.10), the eective value of induced voltage from the primary part can be obtained
as
Vind = jZsecjI2 =
s
(RL2 +Ri)
2 +

!L2   1
!Csec
2
I2: (5.11)
In this analysis, the equivalent transformer model in Fig. 5.3(c) is adopted. Zrec in Fig.
5.3(c) is the same as that in Fig. 5.3(d), namely
Zrec = RL2 +Ri +
1
j!Csec
: (5.12)
The equivalent resistance Req and inductance Leq of the LIC and rectier, which is
denoted in Fig. 5.3(e), are
Req =
k2!2L1L2(RL2 +Ri)
(RL2 +Ri)
2 +

!L2   1
!Csec
2 ; (5.13)
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and
Leq =
k2L1

(RL2 +Ri)
2   L2
Csec
+

1
!Csec
2
(RL2 +Ri)
2 +

!L2   1
!Csec
2 + L1(1  k2): (5.14)
5.4.4 Class-E Inverter
From the above analysis, the equivalent circuit of the class-E2 WPT system is illustrated
as shown in Fig. 5.3(e). For satisfying the assumption g), it is quite important to derive
the component values for achieving the class-E ZVS/ZDS conditions at the inverter.
Because of the assumption e), the current through the primary coil is
i1 =
p
2I1 sin( + inv + p); (5.15)
where I1 is eective value of i1. From the transformer relationship, I1 can be expressed
as
I1 =
Vind
!k
p
L1L2
=
s
(RL2 +Ri)
2 +

!L2   1
!Csec
2
I2
!k
p
L1L2
: (5.16)
From [23], inv is obtained from
taninv =
cos(2DS)  1
2(1 DS) + sin(2DS) : (5.17)
From the impedance calculation of the network that consists of Cp, RL1 , Req, and Leq, p
is expressed as
tanp =
Req +RL1
!Leq   1
!Cp
; (5.18)
The output impedance of the inverter RL1 + Req + j!Leq is transformed into Zinv by
the impedance transformation capacitance Cp as shown in Fig. 5.3(f). Zinv is
Zinv =
1
1
Req +RL1 + j!Leq
+ j!Cp
= Rinv + j!Linv; (5.19)
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where Rinv and Linv are
Rinv =
(Req +RL1)
!2C2p
"
(Req +RL1)
2 +

!Leq   1
!Cp
2# ; (5.20)
and
Linv =
Leq(1  !2LeqCp)  Cp(Req +RL1)2
!2C2p
"
(Req +RL1)
2 +

!Leq   1
!Cp
2# : (5.21)
The inverter current iinv is
iinv =
p
2Iinv sin( + inv): (5.22)
where Iinv is the eective value of iinv. From the relationship between the input voltage
and the output current of the class-E inverter [23], Iinv and II for achieving the class-E
ZVS/ZDS conditions are obtained as
Iinv =
p
2 sin(DS) sin(DS + inv)
(1 DS)Rinv VI ; (5.23)
and
II =
cos(2DS + inv)  cosinv
2(1 DS) Iinv; (5.24)
respectively.
It is known that the resonant lter of the inverter should be inductive for achieving
the class-E ZVS/ZDS conditions in the inverter. In this analysis, Linv is divided into L0
and Lx virtually, where L0 and C1 realize resonant lter for ! as shown in Fig. 5.3(f). In
this case, Lx, which is used for current phase shift, for achieving the class-E ZVS/ZDS
conditions can be obtained from [23] as
!Lx
Rinv
= f2(1 DS)22   1 + 2 cosinv cos(2DS + inv)
  cos 2(DS + inv)[cos(2DS)  (1 DS) sin(2DS)]g
f4 sin(DS) cos(DS + inv) sin(DS + inv)
[(1 DS) cos(DS) + sin(DS)]g 1: (5.25)
5. Analysis and Design of LIC-WPT With Class-E2 DC-DC Converter 147
On the other hand, we can have another expression for Rinv from the class-E inverter
design viewpoint. According to the power relationship between Figs. 5.3(e) and (f), we
have
I21 (Req +RL1) = I
2
invRinv: (5.26)
From (5.23) and (5.26), Rinv can be obtained as
Rinv =
2 sin2(DS) sin
2(DS + inv)V
2
I
2(1 DS)2I21 (Req +RL1)
: (5.27)
Now, we have two expressions of Rinv as given in (5.20) and (5.27). By equating the
right-had side of (5.20) and (5.27), Cp for achieving both the class-E ZVS/ZDS conditions
and the specied output power is obtained as
Cp =
!LeqRinv 
q
Rinv(Req +RL1)

(Req +RL1)(Req +RL1  Rinv) + !2L2eq

!Rinv

(Req +RL1)
2 + !2L2eq
 : (5.28)
It is shown in (5.28) that there are two solutions. The solution that satises L0 =
Linv   Lx > 0 should be selected because L0 resonates with C1.
The design equations of C1 and CS for satisfying the class-E ZVS/ZDS conditions can
be derived by using Linv and Rinv [23]. Because the ideal lter for ! is constructed by L0
and C1, we have
C1 =
1
!2L0
=
1
!2(Linv   Lx) : (5.29)
The shunt capacitance for satisfying the class-E ZVS/ZDS conditions is
CS =
2 sin(DS) cos(DS + inv) sin(DS + inv)[(1 DS) cos(DS) + sin(DS)]
!2(1 DS)Rinv :(5.30)
Finally, the dc-feed inductance LC for ensuring less than 10 % current ripple of the input
current should satisfy
LC >
Rinv
f

2
2
+ 2

: (5.31)
In this study, operating frequency f , dc-supply voltage VI , duty ratio at the inverterDS,
load resistance RL, and output voltage Vo are given as design specications. Additionally,
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the parameters of the LIC part, which are L1, L2, RL1 , RL2 , and k, are also given as design
specications. LC is xed for achieving the direct input current from (5.31). Additionally,
Lf and Cf in the rectier are determined independently with low cut-o frequency for
obtaining the direct output current. Under these design specications, it is necessary to
determine CS, C1, and Cp uniquely for achieving the class-E ZVS/ZDS conditions and
the specied output power.
The remained component values are C2 and CD. In this chapter, these parameters are
used for enhancing the power-delivery eciency.
5.5 Power-Delivery Eciency
The power-delivery eciency is dened as
 =
Po
PI
=
Po
Po + PLoss
; (5.32)
where PLOSS is the total power losses in the WPT system.
5.5.1 Power Losses
The cause of the power losses are ESRs of passive elements, MOSFET on-resistance,
and forward voltage drop of the rectier when the switching loss is zero. In this study,
the power losses in MOSFET on-resistance rS; diode due to the forward voltage drop Vth;
and ESRs of primary coil RL1 and secondary coil RL2 are considered. Figure 5.4 shows
the equivalent circuit model of the class-E2 WPT system for the power-loss calculations.
It is assumed that the MOSFET on-resistance and the diode forward voltage drop are
small enough not to aect the waveforms [19]-[21] [25].
The output power of the load resistance is
Po = I
2
oRL: (5.33)
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The conduction loss in the MOSFET on-resistance rS is
PS=
rS
2
Z 2
0
i2Sd =
rS
2
Z 2DS
0
(IC   iin)2d
=
rS
4
n
4DS(I
2
C + I
2
in) + 4
p
2ICIin[cos(2DS + in)  cosin]
+I2in[sin 2in   sin(4DS + 2in)]
	
: (5.34)
The winding losses in the coils are
PL1 = RL1I
2
1 =
RL1I
2
o
2k2!2L1L2 sin
2 d
"
(RL2 +Ri)
2 +

!L2   1
!Csec
2#
; (5.35)
and
PL2 = RL2I
2
2 =
RL2I
2
o
2 sin2 d
: (5.36)
Additionally, the power loss in the diode is
PD=
Vth
2
Z 2
0
iD drec =
Vth
2
Z 2
2(1 Dd)
Io   i2 drec
=
Vth
2
n
2DdIo +
p
2I2[cosd   cos(d   2Dd)]
o
=
VthIo
2

2Dd +
cosd   cos(d   2Dd)
sind

; (5.37)
where rec =  + r   d.
From (5.32) through (5.37), the overall power-delivery eciency can be obtained as
all=
Po
Po + PS + PL1 + PL2 + PD
=1

1 +
RL1
2RLk2!2L2L2 sin
2 d
"
(Ri +RL2)
2 +

!L2   1
!Csec
2#
+
RL2
2RL sin
2 d
+
rS
4I2oRL
n
4DS(I
2
C + I
2
in) + 4
p
2ICIin[cos(2DS + in)  cosin]
+I2in[sin 2in   sin(4DS + 2in)]
	
+
Vth
2Vo

2Dd +
cosd   cos(d   2Dd)
sind

: (5.38)
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5.5.2 Eciency Enhancement
The power delivery eciency enhancement of the class-E2 WPT system is considered
from the analytical expression (5.38). Because the MOSFET on-resistance rS and the
diode forward-voltage drop Vth are small compared with the load resistance RL and the
output voltage Vo, respectively, we assume that rS=RL = 0 and Vth=Vo = 0 in (5.38). In
this case, the winding losses of the primary and secondary coils needed to be considered.
From this assumption and (5.7), (5.38) can be rewritten as
en =
k2!2L1L2Ri
RL1(Ri +RL2)
2 + k2!2L1L2(Ri +RL2) +RL1

!L2   1
!Csec
2 : (5.39)
In the variations of (5.39), C2 is a element of Csec as given in (5.8). Additionally, CD is
also a element of Csec as given in (5.4), (5.5), and (5.6). When power-delivery eciency
enhancement by varying C2 is considered, it is seen from (5.39) that the condition for
maximizing en is
!L2   1
!Csec
= 0; (5.40)
namely
C2opt =
Ci
!2L2Ci   1 : (5.41)
This condition means that the power-delivery eciency can be enhanced when series
connected capacitance C2 and input capacitance of the rectier Ci resonate with the
secondary coupling inductor L2. It is seen from (5.13) that the maximization of (5.39) for
C2 is the same as that of the equivalent resistance Req. The power-conversion eciency
of the inverter part can be simply obtained as 1=(1+RL1=Req) because the switching loss
is equal to zero due to the class-E switching. Therefore, the maximization of Req leads to
a high power-delivery eciency. By substituting (5.40) into (5.13) and (5.14), we have
Reqopt =
k2!2L1L2
RL2 +Ri
: (5.42)
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and
Leqopt = L1: (5.43)
In addition, Ri, which is a function of CD, is also the parameter enhancing the power-
delivery eciency. The condition for maximizing the power-delivery eciency is
@enopt
@Ri
=
k2!2L1L2(RL1R
2
L2
 RL1R2i + k2!2L1L2RL2)
[RL1(Ri +RL2)
2 + k2!2L1L2(Ri +RL2)]
2
= 0: (5.44)
From (5.44), we obtain Ri for maximizing the power-delivery eciency as
Riopt =
s
RL1R
2
L2
+ k2!2L1L2RL2
RL1
: (5.45)
By equating the right-hand side of (5.7) and (5.45), the diode on-duty ratio Dd for the
maximum power-delivery eciency can be obtained numerically and the optimum shunt
capacitance of the diode CD is given by (5.5).
5.6 Design Example
5.6.1 Design Specications
In this section, the step-by-setp design procedure and experimental results are shown.
First, the design specications of the WPT system were given as follows: operating fre-
quency f = 1 MHz, output power Po = 10 W, output resistance RL = 50 
, duty ratio
of the inverter DS = 0:5, and distance between the primary and the secondary coils
dcoils = 10 cm.
Additionally, the specications of the coupling coils are necessary. As stated in Section
II, air-core solenoid coils were used as coupling coils. The parameters of the coupling coils
are: the diameter d = 15:5 cm and the number of turns N = 8. Additionally, the number
of layers Nl = 1 is adopted for the proximity eect reduction [33]. The parameters of the
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the primary coil are the same as those of the secondary one in this study. The Litz wires
(KERRIGAN LEWIS WIRE) were used for the skin eect reduction. Figure 5.5(a) shows
the hand-made coils used in the experiments. The self inductances and the ESRs of the
coils were L1 = 23:1 H, L2 = 22:7 H, RL1 = 0:891 
, and RL2 = 0:829 
 at 1 MHz,
respectively. These values were measured by HP4284A LCR meter. When these coils are
coupled with 10 cm distance, the coupling coecient was measured as k = 0:0559.
5.6.2 Design Procedure
From (5.45), we obtain
Riopt =
s
RL1R
2
L2
+ k2!2L1L2RL2
RL1
= 7:80 
: (5.46)
The duty ratio of the rectier for maximizing power delivery eciency is calculated nu-
merically from (5.7) and (5.46) as
Ddopt = 0:330: (5.47)
From (5.4), the phase shift is
d = tan
 1

1  cos(2Dd)
2(1 Dd) + sin(2Dd)

= 0:283 rad: (5.48)
From (5.5), the optimum shunt capacitance of the diode is
CD =
1  cos(2Dd)  22(1 Dd)2 + [2(1 Dd) + sin(2Dd)]
2
1  cos(2Dd)
2!RL
= 5:12 nF: (5.49)
From (5.6) and (5.41), the secondary resonant capacitance for the maximum power-
delivery eciency is
C2opt = 4CD  f!2L2[4(1 Dd)  sin(4Dd) cos(2d) sin(2d) sin2(2Dd)
+4 sin(2Dd)  8(1 Dd) sin sin(2Dd   d)]  CDg 1 = 1:28 nF:
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From (5.42) and (5.43), the equivalent output resistance and inductance of the inverter
are
Req =
k2!2L1L2
Riopt +RL2
= 7:49 
; (5.50)
and
Leq = L1 = 23:1 H; (5.51)
respectively.
From (5.17), the phase shift between the driving signal and output current of the
inverter is
inv =  + tan
 1

cos(2DS)  1
2(1 DS) + sin(2DS)

= 2:57 rad: (5.52)
From (5.27), we obtain
Rinv =
2 sin2(DS) sin
2(DS + inv)V
2
I
2(1 DS)2I21 (Req +RL1)
= 26:8 
: (5.53)
From (5.25), the inductance of the resonant lter of the inverter is
Lx = Rinvf2(1 DS)22   1 + 2 cosinv cos(2DS + inv)
  cos 2(DS + inv)[cos(2DS)  (1 DS) sin(2DS)]g
f4! sin(DS) cos(DS + inv) sin(DS + inv)[(1 DS) cos(DS) + sin(DS)]g 1
= 4:92 H: (5.54)
From (5.28), the impedance transformation capacitance is
Cp=
!LeqRinv  
q
Rinv(Req +RL1)

(Req +RL1)(Req +RL1  Rinv) + !2L2eq

Rinv

(Req +RL1)
2 + !2L2eq

=484 pF: (5.55)
From (5.21) and (5.29), the resonant capacitance of the primary part is
C1 =
1
!2(Linv   Lx) =
1
Leq(1  !2LeqCp)  Cp(Req +RL1)2
C2p
"
(Req +RL1)
2 +

!Leq   1
!Cp
2#   !2Lx = 691 pF: (5.56)
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From (5.30), we obtain
CS=
2 sin(DS) cos(DS + inv) sin(DS + inv)[(1 DS) cos(DS) + sin(DS)]
!2(1 DS)Rinv
=1:09 nF: (5.57)
Finally, the dc-feed inductance of the inverter is
LC >
Rinv
f

2
2
+ 2

= 186 H: (5.58)
The low-pass lter Lf   Cf is designed as Lf = 300 H and Cf = 47 F whose cut-o
frequency is 1.3 kHz.
The maximum switch and diode voltages were obtained from [23] and [26] as VSmax =
85:5 V and VDmax = 59:8 V. Therefore, the IRFS4410 MOSFET and the STPS5H100B
Schottky Barrier Diode, whose breakdown voltages are 100 V, were selected as switching
devices. From the datasheets, the MOSFET on-resistance and the diode forward-voltage
drop were obtained as rS = 0:009 
 and Vth = 0:61 V, respectively. In experimental
circuits, the shunt capacitances of the MOSFET and the diode were composed of the
parasitic capacitances and external capacitances connected in parallel. The parasitic
capacitances of the IRFS4410 and the STPS5H100B were estimated to be 500 pF and
170 pF, respectively, which were obtained from the datasheets. Figure 5.5(b) shows the
overview of the implemented WPT system. Table 5.1 gives the obtained component
values.
5.6.3 Experimental Verication
Figure 5.6 shows the waveforms of the designed system obtained from analysis, PSpice
simulation, and experiment. Table 5.1 gives the theoretical and measurements values,
which were measured by Iwatsu VOAC7523. It is seen from Fig. 5.6 that all the switch
voltage waveforms in this system satised the class-E ZVS/ZDS conditions. Additionally,
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the measured output power was Po = 10:1 W in the experiment. It can be stated from
Fig. 5.6 and Table 5.1 that the both simulation and experimental results agreed with
the analytical predictions quantitatively, which showed the validities of the presented
analytical expressions and design procedure. The measured power-delivery eciency was
77:1 %, which also agreed with the analytical prediction well.
5.6.4 Validity of Eciency-Enhancement Design
Figure 5.7 shows the analytical and the PSpice simulated power-delivery eciencies
using the re-designed parameters for C2 and Dd variations, where the analytical results
were obtained from (5.38) and (5.39). It is seen from Fig. 5.7 that analytical predictions
all quantitatively agreed with the PSpice results. It is also seen from Fig. 5.7 that the
power delivery eciency highly depends on C2 and Dd and the maximum power-delivery
eciencies are achieved at the design values obtained in Section 5.5. The optimal values
of C2 and CD can be obtained by eciency optimization with ignoring power losses in the
MOSFET and the diode. These results show that C2 and Dd are important and useful
components for enhancing the power-delivery eciency. The validity of the power-delivery
eciency enhancement technique in Section 5.5 is conrmed from Fig. 5.7.
5.6.5 Comparison With Other System Topologies
For conrming the usefulness and the eectiveness of the class-E2 dc-dc converter in
WPT systems, the eciency obtained above is compared with those of other systems.
Figure 5.8 shows other system topologies compared in this section, which are the system
with the class-D inverter and the class-E rectier and that with the class-E inverter and
the half-wave rectier. The design specications of the two systems are same as those in
this section. These systems were designed by applying the design methods and equations
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in [12] and [23]. In the system with the class-D inverter, the impedance transforma-
tion capacitance Cp should be the inductor Lp because (5.28) was less than zero in the
specications. Table 5.2 gives the obtained component values and the PSpice simulated
power-delivery eciencies of the two systems. As given in Table 5.1 and 5.2, the e-
ciency of the class-E2 WPT system is much higher than those of other systems. In the
system with the class-D inverter, the switching loss in the MOSFETs becomes a domi-
nant power loss factor, which was measured as about 10 W in the PSpice simulation. The
high switching losses lead to the low power-delivery eciency. On the other hand, in the
system with the half-wave rectier, the eciency is very low even though the secondary
coil L2 resonates with the secondary capacitor C2 and the class-E inverter satises class-E
ZVS/ZDS conditions. This is because the equivalent resistance of the half-wave rectier,
which is related to Ri, cannot be changed and optimized in this topology, whereas Ri
can be changed in the class-E rectier by the diode shunt capacitance CD. It is seen
from this result that the optimization of the equivalent resistance of the rectier is quite
eective for the power-delivery eciency. These results demonstrate the usefulness and
the eectiveness of applying the class-E2 dc-dc converter to WPT systems.
Table 5.3 shows comparisons of the state of the art in WPT systems. In Table 5.3, \DC-
AC system" means a system with only an inverter, namely the secondary side consists of
only receiving coil, resonant capacitor, and load resistor. It is seen from Table 5.3 that
the eciency enhancement technique in this chapter is quite useful and eective for WPT
systems.
5.7 Conclusion
This chapter has presented analytical expressions and a design procedure for the class-E2
LIC-WPT system. By using the analytical expressions, it is possible to obtain component
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values of the class-E2 WPT system for achieving the class-E ZVS/ZDS conditions. Ad-
ditionally, the analytical expressions suggest designers how to determine the component
values for power-delivery eciency enhancement. The presented analysis procedure and
the eciency enhancement theory can be adopted for other WPT systems. The analyti-
cal predictions agreed with the PSpice-simulation and experimental results quantitatively,
which showed the validities of the analytical expressions and the design procedure. In the
laboratory experiment, the WPT system for coil distance 10 cm (k = 0:0559) achieved
77:1 % power-delivery eciency with 10 W (50 
/22.4 V) output power at 1 MHz oper-
ating frequency.
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Table 5.1: Design values of design example
Analytical Simulated Measured Dierence
LC 186 H 186 H 206 H 10:4 %
Lf 300:0 H 300:0 H 315 H 5:1 %
CS 1:09 nF 1:09 nF 1:06 nF  2:5 %
C1 691 pF 691 pF 696 pF 0:80 % -
Cp 484 pF 484 pF 486 pF 0:35 % -
C2opt 1:28 nF 1:28 nF 1:26 nF  1:2 % -
CD 5:12 nF 5:12 nF 5:16 nF 0:70 %
Cf 47 F 47 F - -
RL 50:0 
 50:0 
 50:2 
 0:4 %
L1 - 23:1 H 23:1 H -
L2 - 22:7 H 22:7 H -
k - 0:0559 0:0559 -
rL1 - 0:891 
 0:891 
 -
rL2 - 0:829 
 0:829 
 -
dcoils - - 10 cm -
f 1 MHz 1 MHz 1 MHz 0:0 %
Ddopt 0:330 - - -
VI 24:0 V 24:0 V 24:0 V 0:0 %
Po 10:0 W 10:1 W 10:1 W 0:66 %
all 79:0 % 78:4 % 77:1 %  2:4 %
* \Dierence" is the dierence between analytical and experimental results.
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Table 5.2: PSpice simulated design values of other systems
Class-D inverter
and
Class-E rectier
Class-E inverter
and
Half-wave rectier
LC - 70 H
Lf 300:0 H -
CS - 6:25 nF
C1 2:18 nF 587 pF
Cp or Lp 25:8 H (Lp) 528 pF (Cp)
C2 1:28 nF 130 pF
CD 5:12 nF -
Cf 47 F 47 F
RL 50:0 
 50:0 

L1 23:1 H 23:1 H
L2 22:7 H 22:7 H
k 0:0559 0:0559
rL1 0:891 
 0:891 

rL2 0:829 
 0:829 

f 1 MHz 1 MHz
Dd 0:330 -
VI 24:0 V 24:0 V
Po 10:8 W 9:66 W
all 30:7 % 22:5 %
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Figure 5.1: Class-E2 dc-dc converter.
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Chapter 6
Analytical Expressions of Class-E2
Wireless Power Transfer System for
Any System Parameter
●● ABSTRACT ●●
This chapter presents analytical expressions of the class-E2 wireless power transfer (WPT)
system at any system parameter. In the previous researches of the class-E2 WPT sys-
tem, system behavior only with the class-E zero-voltage switching and zero-derivative
switching (ZVS/ZDS) conditions has been considered. In the WPT system, however, it
is important and useful to comprehend the system behavior and performance in system-
parameter spaces, especially the coupling coecient and the load resistance. From the
obtained analytical expressions, important information, such as output power, power-
delivery eciency, and state of switching-patterns as a function of system parameters,
can be obtained analytically. By carrying out PSpice simulations and circuit experiments,
it is shown that the analytical predictions agreed with the simulated and experimental
results quantitatively, which indicates the validity of the analytical expressions.
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6.1 Introduction
A WPT system with the class-E2 dc-dc converter [1], [2], which consists of the class-E
inverter [3], [4] and the class-E rectier [5], [6], is one of the high power-delivery eciency
WPT system and the analyses and designs of the class-E2 WPT system have been in-
vestigated [7]-[10]. The class-E2 dc-dc converter achieves high power-conversion eciency
at high frequencies by satisfying the class-E zero-voltage and zero-derivative switching
(ZVS/ZDS) conditions, which are called \nominal conditions". Therefore, most of pre-
vious researches of the class-E2 WPT system have focused on system designs for the
nominal operations. When the class-E2 WPT systems in practical applications are con-
sidered, however, it is important to comprehend the characteristics of the WPT system
against system parameter variations, especially coupling-coecient and load-resistance
variations. For example, coupling-coecient variation, which occurs due to the distance
and location variations between the transmitter and the receiver, greatly aects the system
performance, such as output power and power-delivery eciency [10], [11]-[13], [15]-[17],
[18]. Additionally, the WPT systems with frequency tuning [12], [16], [17], automatic
impedance matching [18], and post regulations [19], [20] operate over wide parameter re-
gions, which indicates the importance of comprehension of system behavior at any system
parameter.
It is expected that the system performance can be comprehended easily when circuit
simulators are utilized. A high calculation cost is, however, necessary for obtaining the
system performance in the steady state because inductive-coupled WPT systems have
usually a long transient time. Additionally, circuit simulators can give waveforms at a
xed set of parameters, which means that it is hard to comprehend the circuit behavior
in a wide parameter space. For the above reasons, it is an eective approach to obtain the
analytical expressions though it is not a simple task. When the analytical expressions are
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obtained, system performance of the WPT system at any set of system parameters can be
derived with low computation cost. Moreover, comprehensions of system performance as
well as analytical expressions themselves cultivate designer's fundamental understanding
and intuition.
This chapter presents analytical expressions of the class-E2 WPT system at any system
parameter. By considering non-nominal operations of the class-E inverter, system behav-
ior at any system-parameter set can be expressed accurately. For example, the output
power and the power-delivery eciency as functions of coupling coecient and load re-
sistance are given. It is claried from the analytical expressions that the ZVS condition
is always satised when the coupling coecient decreases or the load resistance increases
from the nominal value. Additionally, the switching-pattern distribution map of the class-
E2 WPT system in a parameter space is illustrated from the analytical expressions. By
using the distribution map, the WPT system achieving the ZVS at any load resistance
conditions can be designed, which is one of the applications of the analytical expressions.
The analytical predictions agreed with the PSpice-simulation and experimental results
quantitatively, which showed the validities of the analytical expressions.
6.2 Class-E2 WPT System
The class-E2 WPT system proposed in Chapter 5, which is shown in Fig. 5.3(a), is
analyzed in this chapter.
For achieving the class-E ZVS/ZDS conditions at the class-E inverter, the component
values should be determined uniquely. Namely, the class-E ZVS/ZDS conditions are
achieved at a certain parameter set and non-nominal operations appear even when system
parameters vary from the nominal conditions slightly.
On the other hand, the class-E rectier works autonomously though the class-E in-
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verter works with external driving signal. The class-E rectier always achieves the class-E
ZVS/ZDS conditions at any parameters, which is dierent from the class-E inverter.
6.3 Waveform Equations For Any Parameter Varia-
tions
In this section, steady-state waveform equations for the class-E2 WPT system at any
parameters are presented. When system parameters, e.g., the coupling coecient and
the load resistance, vary, the switching pattern is changed from the nominal operation.
Therefore, it is necessary to consider the switching patterns at non-nominal operations
for expressing system behavior at any system parameter.
6.3.1 Switching Patterns of Class-E Inverter
When the system parameter varies from the nominal conditions, the amplitude and the
phase shift of the inverter current also vary. As a result, the class-E ZVS/ZDS conditions
cannot be achieved and the change of the switching pattern occurs. In this chapter, three
switching patterns, which are the same as those in Chapter 3, are considered as non-
nominal operations. Example of switch-voltage and switch current waveforms are shown
in Fig. 3.3.
On the other hand, the class-E rectier autonomously achieves the class-E ZVS/ZDS
conditions at the diode turn-o instant. Therefore, it is unnecessary to consider the
switching patterns non-nominal conditions in the class-E rectier analysis
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6.3.2 Assumptions
The system analysis is based on the following assumptions for simplicity:
a) The MOSFET S operates as an ideal switching device, namely it has zero on-
resistance, innite o-resistance, and zero switching times.
b) The diode D also works as an ideal switching device. Therefore, it has zero forward
voltage drop, zero on-resistance, innite o-resistance, and zero switching times.
c) The shunt capacitances CS and CD include the parasitic capacitances of the MOS-
FET S and the diode D, respectively.
d) The dc-feed inductance LC is high enough so that the current through the dc-feed
inductance is dc-input current II .
e) The loaded Q-factor in the inverter is high enough to generate a pure sinusoidal
resonant current i1 with operating frequency.
f) All the passive elements including switching-device parasitic capacitances works as
linear elements.
g) The circuit operations are considered in the interval 0   < 2. The MOSFET is
in o-state for 0   < 2DS and in on-state for 2DS   < 2, where DS is the
MOSFET o-duty ratio.
h) The MOSFET body diode turns on at  = 1 and turns o at  = 2 for 0 <
1  2 < 2DS. When 1 and/or 2 do not appear during switch-o interval, this
analysis gives 1 = 2DS and/or 2 = 2DS, respectively.
From the above assumptions, the equivalent circuit of the WPT system is illustrated in
Fig. 5.3(b).
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6.3.3 Class-E Rectier
The detailed analysis of the class-E rectier was carried out in [1]. This subsection
introduces only the resulting equations in [1].
The input current of the rectier i2, which ows through the L2-C2 resonant lter, is
i2 = I2 sin( + t + p + inv); (6.1)
where I2, t, p, and inv are the amplitude of i2, the phase shift between the current
through the primary coil i1 and i2, that between inverter current iinv and i1, that between
the driving signal vg and iinv, respectively. t is derived in Subsection 6.3-D, and p and
inv are derived in Subsection 6.3-E. Because the diode current iD is zero at diode turn-o
instant, i2 is equal to Io at  = 2   t   p   inv + d. Namely, we have
I2 =
Io
sind
=
Vo
RL sind
; (6.2)
where Vo, RL, and d are output voltage, load resistance of the WPT system, and phase
shift between i2 and the diode voltage vD, respectively. The phase shift between i2 and
vD can be obtained from
tand =
1  cos(2Dd)
2(1 Dd) + sin(2Dd) ; (6.3)
where Dd is the diode-on duty ratio, which depends on !RLCD. The relationship between
!RLCD and Dd is expressed as
!RLCD =
1
2

1  cos(2Dd)  22(1 Dd)2
+
[2(1 Dd) + sin(2Dd)]2
1  cos(2Dd)

: (6.4)
The diode current and voltage are expressed as
iD =
8>><>>:
0; for 0  rec < 2(1 Dd)
Io   I2 sin(rec + ); for 2(1 Dd)  rec < 2
(6.5)
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and
vD = (6.6)8>><>>:
 Io
!CD

rec   sin rec + cos rec   1
tand

; for 0  rec < 2(1 Dd)
0; for 2(1 Dd)  rec < 2
respectively, where rec =  + t + p + inv   d.
The class-E rectier is modeled as the input capacitance Ci and the input resistance Ri,
which are connected in series as shown in Fig. 5.3(d). The equivalent input capacitance
and input resistance of the rectier are expressed as
Ci = 4CD=[4(1 Dd) + 4 sin(2Dd)  sin(4Dd) cos(2d)
 2 sin(2d) sin2(2Dd)  8(1 Dd) sind sin(2Dd   d)]; (6.7)
and
Ri = 2RL sin
2 d; (6.8)
respectively. The equivalent resonant capacitance Cr at the receiver is the sum of C2 and
Ci connected in series as shown in Fig. 5.3(d). Therefore, we have
Cr =
C2Ci
C2 + Ci
: (6.9)
6.3.4 Coupled Part
From (6.7) and (6.8), the equivalent impedance Zr, which is dened in Fig. 5.3(d), is
expressed as
Zr = RL2 +Ri + j

!L2   1
!Cr

: (6.10)
From (6.10), the amplitude of induced voltage from the transmitter to the secondary coil
can be obtained as
Vind = jZrjI2 =
s
(RL2 +Ri)
2 +

!L2   1
!Cr
2
I2: (6.11)
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In this analysis, the inductive coupling is modeled as the transformer with coupling
coecient as shown in Fig. 5.3(b). From the transformer relationship, (6.8), and (6.9),
t is expressed as
t =

2
  tan 1

!L2   1
!Cr

Ri
: (6.12)
Zrec in Fig. 5.3(c) is the same as that in Fig. 5.3(d), namely
Zrec = RL2 +Ri +
1
j!Cr
: (6.13)
The equivalent resistance of the coupled coils and rectier as shown in Fig. 5.3(e) is
Req =
k2!2L1L2(RL2 +Ri)
(RL2 +Ri)
2 +

!L2   1
!Cr
2 ; (6.14)
where k is the coupling coecient. Additionally, the equivalent inductance of the coupled
coils and rectier Leq as shown in Fig. 5.3(e) can be expressed as
Leq =
k2L1

(RL2 +Ri)
2   L2
Cr
+

1
!Cr
2
(RL2 +Ri)
2 +

!L2   1
!Cr
2 + L1(1  k2): (6.15)
By using Req and Leq, the equivalent model of the class-E
2 WPT system is illustrated as
the class-E inverter as shown in Fig. 5.3(e). In inductive coupled systems, the resonance
in both primary and secondary parts is greatly eective for enhancing power-delivery
eciency [11]-[13]. When Cr resonates with L2, Req and Leq are
Reqr =
k2!2L1L2
RL2 +Ri
and Leqr = L1; (6.16)
respectively. It is an important characteristics from (6.16) that coupling coecient aects
only Req when Cr resonates with L2, which is an important suggestion for comprehending
the WPT-system operation. In the class-E inverter, the ZVS is achieved when load
resistance decreases from the nominal value. Therefore, class-E inverter can always achieve
the ZVS when the coupling coecient is smaller than the nominal value.
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On the other hand, it is seen from (6.3), (6.4), (6.7), and (6.8) that d, Dd, Ri, and Ci
are functions of the load resistance. This is because the diode-on duty ratio is a function
of the load resistance as given in (6.4). Namely, the rectier properties vary when the
load resistance varies.
6.3.5 Class-E Inverter
Because of the assumption e), the current through the primary coil is
i1 = I1 sin( + inv + p); (6.17)
where I1 is the amplitude of i1, which can be expressed from the transformer relationship
as
I1 =
Vind
!k
p
L1L2
: (6.18)
By using the output-network components, the phase shift between iinv and i1 is expressed
as
tanp =
Req +RL1
!Leq   1
!Cp
: (6.19)
The output impedance of the inverter RL1 + Req + j!Leq and the impedance trans-
formation capacitance Cp are transformed into the inverter impedance Zinv as shown in
Fig. 5.3(f), namely
Zinv =
1
1
Req +RL1 + j!Leq
+ j!Cp
= Rinv + j!Linv; (6.20)
where Rinv and Linv are the inverter equivalent resistance and the inverter equivalent
inductance, which are expressed as
Rinv =
(Req +RL1)
!2C2p
"
(Req +RL1)
2 +

!Leq   1
!Cp
2# ; (6.21)
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and
Linv =
Leq(1  !2LeqCp)  Cp(Req +RL1)2
!2C2p
"
(Req +RL1)
2 +

!Leq   1
!Cp
2# ; (6.22)
respectively.
From the transformations described above, the class-E2 WPT system can be expressed
as the typical class-E inverter, whose output network is L C R series resonant circuit,
as shown in Fig. 5.3(f). Therefore, the analytical expressions in Chapter 3 can be applied
to the analysis of the class-E2 WPT system for comprehending system behavior at any
system parameter. In this chapter, the summary of the resulting equation in Chapter 3
are given below.
The inverter current iinv is
iinv = Iinv sin( + inv); (6.23)
where Iinv is the amplitude of the inverter current. The current through the switch is
iS =
8>>>>>>>>>><>>>>>>>>>>:
0; for 0   < 1
II   Iinv sin( + inv); for 1   < 2
0; for 2   < 2DS
II   Iinv sin( + inv): for 2DS   < 2
(6.24)
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The switch voltage is obtained as
vs = (6.25)8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
1
!CS
fII + Iinv[cos( + inv)  cosinv]g; for 0   < 1
0; for 1   < 2
1
!CS
fII(   2)
+ Iinv[cos( + inv)  cos(2 + inv)]g; for 2   < 2DS
0: for 2DS   < 2
Because of the assumption d), the dc-voltage drop across the choke inductance LC is zero.
Therefore, the relationship between the dc-supply voltage and the switch voltage can be
expressed as
VI =
1
2DS
Z 2DS
0
vSd: (6.26)
By applying Fourier analyses, the voltage amplitude on the real part and the imaginary
part of the output network are
RinvIinv =
1

Z 2DS
0
vS sin( + inv)d; (6.27)
and 
!Linv   1
!C1

Iinv =
1

Z 2DS
0
vS cos( + inv)d; (6.28)
respectively. From (6.26), (6.27), and (6.28), Iinv, II , and inv can be derived analytically.
The amplitude of the inverter current is
Iinv =
2!CSVI
 + 
; (6.29)
where
 = n1 cos
2 inv + n2 sininv cosinv + n3; (6.30)
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 = n4 cosinv + n5 sininv; (6.31)
 = n6 cosinv + n7 sininv; (6.32)
and
 =
1
2
21 +
1
2
22 + 2
2D2S   2DS2: (6.33)
The coecients nk in (6.30){(6.33) are
n1=
1
2
cos(21)  cos 1 + 1
2
cos(4DS) +
1
2
cos(22) +
1
2
  cos 2 cos(2DS) + sin 2 sin(2DS); (6.34)
n2= 1
2
sin(21) + sin 1   1
2
sin(4DS)  1
2
sin(22)
+ sin 2 cos(2DS) + cos 2 sin(2DS); (6.35)
n3= 1
4
cos(21)  1
4
cos(4DS)  1
4
cos(22) + !CSRinv +
3
4
  sin 2 sin(2DS); (6.36)
n4= 1 cos 1 + sin 1 + (2   2DS) cos(2DS)
+ sin(2DS)  sin 2; (6.37)
n5=1 sin 1 + cos 1 + (2DS   2) sin(2DS)
+ cos(2DS)  cos 2   1; (6.38)
n6 = sin 1 + sin(2DS)  sin 2 + (2   2DS) cos 2   1; (6.39)
and
n7 = cos 1 + cos(2DS) + (2DS   2) sin 2   cos 2   1: (6.40)
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The input current is expressed as
II =
2!CSVI
 + 
: (6.41)
Additionally, the phase shift between the driving signal and the inverter current is ob-
tained by solving the following algebraic equation:
(n4n3 + n5n10) tan
3 inv + (n2n4 + n3n9   n3n5 + n4n10) tan2 inv
+(n1n4   n2n5 + n4n9 + n5n8 + n3n4 + n5n10) taninv
+(n4n8   n1n5   n3n5 + n4n10) = 0; (6.42)
where
n8= 1
2
sin(21) + sin 1   1
2
sin(4DS)  1
2
sin(22)
+ cos 2 sin(2DS) + sin 2 cos(2DS); (6.43)
n9= 1
2
cos(21) + cos 1   1
2
cos(22)  1
2
cos(4DS)  1
2
+ cos 2 cos(2DS)  sin 2 sin(2DS); (6.44)
and
n10= 1
2
+
2
2
+
1
4
sin(22) +
1
4
sin(4DS)  1
4
sin(22)  DS
  sin 2 cos(2DS) + sin 2 cos 2 + 

!2LinvCS   CS
C1

: (6.45)
Newton's method is used for solving the algebraic equations in this study.
Additionally, the relationship between Iinv and I1 is expressed as
I1 =
s
R2inv + !
2L2eq
(Req +RL1)
2 + !2L2eq
Iinv: (6.46)
The waveform equations given in this section are valid for all the switching patterns
in Cases 1, 2, and 3. For obtaining the waveforms, we rstly need to derive the inverter
parameters, namely Iinv, II , and inv, from the circuit parameters. In this process, it is
necessary to derive 1 and 2, which are obtained numerically following the calculation
algorithms given in Chapter 3.
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6.4 Output Power and Power Delivery Eciency
In real circuits, the power losses occur in ESRs of passive elements, MOSFET on-
resistance, diode in the rectier, and MOSFET body diode. It is assumed in this study
that the parasitic resistances and the diode forward voltage drop are small enough not to
aect the waveforms [3], [4]. Figure 6.1 shows the equivalent circuit model for the power-
loss calculations. In this study, the power losses in MOSFET on-resistance, rectier and
MOSFET-body diodes due to the forward voltage drops, and ESRs of inductances are
considered.
The output power is obtained from
Po = RLI
2
o : (6.47)
The conduction loss in the MOSFET on-resistance rS is
PS =
rS
2
Z 2
0
i2Sd =
rS
2
Z 2
2DS
i2Sd
=
rS
2

2(1 DS)I2I + 2IIIinv[cosinv   cos(2DS + inv)]
+
I2inv
4
[4(1 DS) + sin(4DS + 2inv)  sin 2inv]

: (6.48)
The power losses in the inductances are
PL1 =
RL1I
2
1
2
; PL2 =
RL2I
2
2
2
; PLC = rLCI
2
I ; and PLf = rLf I
2
o : (6.49)
The power loss in the diode of the rectier is
PD=
Vth
2
Z 2
0
iD drec =
Vth
2
Z 2
2(1 Dd)
iDrec
=
VthIo
2

2Dd +
cosd   cos(d   2Dd)
sind

; (6.50)
where Vth is the forward voltage drop of the diode. Additionally, power losses in the
MOSFET should be considered. In Cases 1 and 3, the turn-on switching losses occur,
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which is expressed as
PSW =
1
2
CSfv
2
S(2D
 
S )
=
1
4!CS

21I
2
I + 21IIIinv[cos(1 + inv)  cosinv]
+I2inv[cos(1 + inv)  cosinv]2 + (2DS   2)2I2I
+2IinvIIf(2DS   2)[cos(2DS + inv)  cos(2 + inv)]g
+I2inv[cos(2DS + inv)  cos(2 + inv)]2

: (6.51)
(6.51) expresses the switching loss of all the switching patterns. In Case-2 and Case-3
switching patterns, the MOSFET body diode turns on and the conduction loss in the
MOSFET body diode should be considered. The MOSFET-body-diode conduction loss
is
PDb =
1
2
Z 2
0
VthbiSd =
1
2
Z 2
1
VthbiSd
=
Vthb
2

II(2   1) + Iinv[cos(2 + inv)  cos(1 + inv)]

;
(6.52)
where Vthb is the forward voltage drop of the body diode. From the above considerations,
the total power loss of the class-E2 WPT system is
Ploss = PS + PL1 + PL2 + PLC + PLf + PD + PSW + PDb : (6.53)
From (6.47) and (6.53), the power-delivery eciency can be obtained analytically as
 =
Po
Po + Ploss
(6.54)
The analytical power-delivery eciency is valid at any system parameter, namely for all
the switching patterns.
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6.5 Experimental Verication
6.5.1 Nominal State
For validating the analytical expressions, PSpice simulations and circuit experiments
were carried out. The design specications of the WPT system were given as follows:
dc-supply voltage VI = 20 V , operating frequency f = 1 MHz, output power Po = 5 W,
load resistance RLnom = 50 
, MOSFET-o duty ratio DS = 0:5, diode-on duty ratio
Dd = 0:5, and distance between the primary and the secondary coils dcoils = 7 cm.
Additionally, the coupled coil parameters were given. The circle-shape coils were made
for coupled coils whose diameter d = 15:5 cm, number of turns N = 8, and layer number
Nl = 1. One layer coils were adopted because the proximity eect can be reduced [21].
Additionally, the Litz wire (KERRIGAN LEWIS WIRE) was used as winding wire for
the skin eect reduction [21]. The parameters of the primary coil were the same as those
of the secondary one in this experiment. The self inductances and the ESRs of the coils
were measured by HP4284A LCR meter, which were L1 = 23:1 H, L2 = 22:7 H,
RL1 = 0:891 
, and RL2 = 0:829 
 at 1 MHz, respectively. Figure 6.2(a) explains the
distance between the primary and the secondary coils dcoils and the transverse oset hcoils.
When these coils are coupled with dcoils = 7 cm and hcoils = 0 cm, which is given as the
specied position, the coupling coecient was measured as knom = 0:100. We investigated
the coupling coecient when the position misalignment occurs from the specied position.
Figure 6.2(b) shows the measured values of coupling coecients as functions of dcoils for
hcoils = 0 cm and hcoils for dcoils = 7 cm. It is seen from the analytical expressions that
the WPT system performance can be expressed as a function of coupling coecient. The
physical position relationship between the primary and secondary coils can be transformed
to the coupling coecient from Fig. 6.2(b). Therefore, we show system characteristics as
functions of coupling coecient in the following results.
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The design of the class-E2 WPT system with the given design specications was car-
ried out following the design procedure in [8]. From the analytical waveforms, the max-
imum switch and diode voltages were predicted as VSmax = 71:2 V and VDmax = 56:3 V
[1]. Therefore, the IRF530 MOSFET and the STPS5H100B Schottky Barrier Diode,
whose breakdown voltages are 100 V, were selected as the switching devices. From
the datasheets, MOSFET on-resistance, forward-voltage drops of the MOSFET body
diode, and that of the rectier diode were obtained as rS = 0:16 
, Vthb = 2:5 V, and
Vth = 0:61 V, respectively. From the assumption c), the analytical shunt capacitances
include the parasitic capacitance of the switching devices. The parasitic capacitances of
the IRF530 and the STPS5H100B were estimated to be 350 pF and 150 pF, respectively,
which were also obtained from the datasheets. Figure 6.3(a) shows the overview of the
implemented WPT system.
Table 6.1 gives the analytical predictions and experimental measurements of the WPT
system for the design specications. In Table 6.1, input voltage VI , input current II , and
output voltage Vo were measured by Iwatsu VOAC7523. In addition, the power delivery
eciency was measured by
 =
Po
PI
=
V 2o
RLVIII
; (6.55)
where PI is the dc-supply power. Figure 6.3(b) shows the waveforms of the designed
WPT system obtained from analysis, PSpice simulation, and experiment with the speci-
ed parameters. It is seen from Fig. 6.3(b) that all the switch-voltage waveforms of the
class-E inverter and those of the class-E rectier satised the class-E ZVS/ZDS condi-
tions. We dene the state in Table 6.1 and Fig. 6.3(b) as the nominal state. In the
experimental measurement for nominal operation, 80:8 % power-delivery eciency was
achieved at 4:90 W output power at 1 MHz operation. At the following investigations,
system parameters varied from the nominal state.
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6.5.2 Predictions of ZVS Region From Analytical Expressions
Because the class-E2 WPT system can be modeled as a typical topology of the class-
E inverter as discussed in Section 6.3, the ZVS region of the inverter can be predicted
from the inverter output network. Figure 6.4 shows the equivalent inverter resistance
and inductance as functions of the coupling coecient and the load resistance, which
are normalized by their nominal values. The other parameters are xed at the design
specications. It is seen form Fig. 6.4 that Rinv decreases from the nominal value when
the coupling coecient decreases or load resistance increases from the nominal state. It
is also seen that Linv is almost constant with the decrease in k and the increase in RL.
Therefore, it can be analytically predicted that the class-E2 WPT system achieves the
ZVS in the region of k=knom < 1 and RL=RLnom > 1.
6.5.3 Output Power and Power Delivery Eciency
Figure 6.5 shows the output power and power-delivery eciency as a function of the nor-
malized coupling coecient. Additionally, the switching patterns are marked on Fig. 6.5.
It is seen from Fig. 6.5 that both the output power and the power delivery eciency are
sensitive to the coupling coecient. It can be also conrmed that both the output power
and the power-delivery eciency decrease even if the coupling coecient is larger than
that for the nominal state. For k=knom > 1, Rinv increases from its nominal value as
shown in Fig. 6.4(a), which is the reason of the decrease in the output power. In addi-
tion, non-ZVS with the Case-1 switching pattern appears at the inverter for k=knom > 1.
Therefore, the power-delivery eciency decreases because of the switching loss in this
region. It is also seen from Fig. 6.5(a) that the output power decreases as the coupling
coecient decreases from the nominal state. This is because the induced voltage Vind
decreases as the coupling coecient decreases, which is conrmed from (6.18). On the
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other hand, the ZVS is achieved for k=knom < 1, which agrees with the analytical predic-
tions as described in Subsection 6.5-B. However, the power-delivery eciency decreases
for k=knom < 1. This is because the equivalent resistance of the coupled coils and the
rectier Req decreases in this region. The power-conversion eciency of the inverter in
the WPT system can be approximated as Req=(Req + RL1) when the switching loss is
negligible. Therefore, the power-delivery eciency decreases as the coupling coecient
decreases even if the ZVS is achieved for k=knom < 1.
Figure 6.6 shows the output power and power-delivery eciency as a function of the
normalized load resistance. It is seen from Fig. 6.6 that the class-E inverter always achieves
the ZVS when the load resistance is larger than the nominal value, which agrees with the
analytical prediction in Subsection 6.5-B. Additionally, for RL=RLnom > 1, Req decreases
slightly. Therefore, high power-delivery eciency can be kept for RL=RLnom > 1 as shown
in Fig. 6.6(b). It is seen from Fig. 6.6(a) that the output power almost constant for
RL=RLnom > 1. This is because the increase in Linv causes the decrease in the resonant
frequency, which cancels out the eect of the increase in the output power due to the
decrease in Rinv. As a result, the inverter current and the output power is almost constant
for RL=RLnom > 1 though Rinv decreases. It is seen from Fig. 6.6(a) that the output power
increases as RL decreases. It is known that the output lter, namely C1   Linv, should
be inductive for achieving the class-E ZVS/ZDS conditions. Due to the decrease in Linv
for RL=RLnom < 1, the resonant frequency of the output lter approaches the operating
frequency, which leads to the increase in the output power. In addition, Rinv decreases
for RL=RLnom < 0:75, which also lets the output power increase. Additionally, it is also
conrmed from Fig. 6.6(a) that the output power sharply decreases for RL=RLnom < 0:2.
This is because the equivalent capacitance of the rectier Ci sharply increases from that
of the nominal state.
It is seen from Figs. 6.5 and 6.6 that the analytical predictions of the output power
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and the power-delivery eciency agreed with the PSpice-simulation and the experimental
results quantitatively, which validated the accuracy and eectiveness of the analytical
expressions in this chapter. As shown in above discussions, much information of the class-
E2 WPT system can be obtained from the analytical expressions, which shows usefulness
and eectiveness of the analytical expressions.
6.6 Distribution of Switching Patterns
Because the switching pattern can be obtained from the analytical expressions, it is
possible to obtain switching-pattern distribution maps, which is one of the applications
of the analytical expressions. From the switching-pattern distribution maps, important
information can be obtained. Figure 6.7(a) shows the switching-pattern distribution of
the inverter on k=knom  RL=RLnom plane.
It is seen from Fig. 6.7(a) that the Case-2 region for any load resistance appears at
k=knom < 0:75. This result indicates that the ZVS WPT system at any load resistance
can be designed. Figure 6.8(a) shows an algorithm for the ZVS WPT system design,
where kmax is the maximum coupling coecient on an implemented system. As a design
example, we set kmax = 0:100 and the same design specications as those in Section 6.5.
By using the algorithm in Fig. 6.8(a), knom = 0:132 was obtained. Figure 6.8(b) shows the
switching-pattern distribution for the designed ZVSWPT system. In the designed system,
ZVS is always achieved at any load resistance in the region of k=kmax  1, which was
also conrmed by the PSpice simulation. The above discussion is a good example to state
that the analytical expressions are powerful tools for obtaining important information on
the class-E2 WPT system.
Figures 6.7(b), (c), and (d) show the analytical, PSpice-simulation, and experimental
waveforms for the Case-1, Case-2, and Case-3 switching patterns. Each parameter set is
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marked on Fig. 6.7(a). It can be conrmed from these waveforms that all the switching
patterns of the analytical waveforms agreed with those of simulation and experimental
ones, which showed the validity of the switching-pattern distribution map in Fig. 6.7(a)
and the accuracy of the analytical waveform expressions.
6.7 Conclusion
This chapter has presented the analytical expressions of the class-E2 WPT system
for any system parameter. By considering non-nominal operations of the class-E inverter,
system behavior at any system-parameter set can be expressed accurately. In this chapter,
output power, power-delivery eciency, and state of switching-pattern as functions of
system parameters have been shown. The important characteristics of the WPT system,
which are claried from the analytical expressions, are that the transmitter of the class-
E2 WPT system always achieves ZVS when the coupling coecient decreases or the
load resistance increases from the nominal state. Additionally, the switching-pattern
distribution map has been shown, which can be obtained from the analytical waveform
equations. By using the distribution map, it is possible to design the WPT system whose
transmitter achieves the ZVS at any load resistance. By carrying out PSpice simulations
and circuit experiments, it has been shown that the analytical predictions agreed with the
PSpice-simulation and experimental results quantitatively, which indicates the validity of
the analytical expressions.
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Table 6.1: Design Values
Analytical Simulated Measured Dierence
LC 276 H 276 H 303 H 9:8 %
Lf 300 H 300 H 308 H 2:7 %
rLC - 0:0162 
 0:0162 
 -
rLf - 0:0212 
 0:0212 
 -
CS 734 pF 734 pF 757 nF 3:1 %
C1 571 pF 571 pF 576 pF 0:89 % -
Cp 610 pF 610 pF 609 pF 0:098 % -
C2 1:46 nF 1:46 nF 1:45 nF  0:55 % -
CD 1:01 nF 1:01 nF 997 pF  1:3 %
Cf 47 F 47 F - -
RLnom 50 
 50 
 50:3 
 0:60 %
L1 - 23:1 H 23:1 H -
L2 - 22:7 H 22:7 H -
knom - 0:100 0:100 -
rL1 - 0:891 
 0:891 
 -
rL2 - 0:829 
 0:829 
 -
dcoils - - 7 cm -
f 1 MHz 1 MHz 1 MHz 0:0 %
DS 0:5 0:5 - -
Dd 0:5 - - -
VI 20:0 V 20:0 V 20:0 V 0:0 %
II 0:290 V 0:289 V 0:303 V 4:5 %
Vo 15:8 V 15:5 V 15:7 V  0:70 %
Po 5:00 W 4:79 W 4:90 W  2:0 %
 82:9 % 83:0 % 80:8 %  2:5 %
* \Dierence" is the dierence between analytical and experimental results.
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Figure 6.1: Equivalent circuit of class-E2 WPT system for power-loss calculations.
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Figure 6.2: Measurements of coupling coecient. (a) Experimental setup for distance
and transverse oset measurements. (b) Coupling coecient as functions of distance and
oset.
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Figure 6.3: Experimental set up and nominal waveforms. (a) System overview. (b)
Analytical(dashed), PSpice(dotted), and experimental(solid) waveforms for the design
specications.
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Figure 6.7: Switching-pattern distribution and waveforms obtained from analytical ex-
pressions (dashed line), PSpice simulations (dotted line), and circuit experiments (solid
line). (a) Switching-pattern distribution of the inverter on k=knom   RL=RLnom plane.
(b) Case 1 waveforms for k=knom = 1:22 (dcoils = 6 cm) and RL=RLnom = 1. (c) Case 2
waveforms for k=knom = 0:809 (dcoils = 8 cm) and RL=RLnom = 1:4. (d) Case 3 waveforms
for k=knom = 1:11 (dcoils = 6:5 cm) and RL=RLnom = 0:1
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Figure 6.8: Algorithm and designed distribution map. (a) Design algorithm for ZVS WPT
system. (b) Designed switching-pattern distribution on k=kmax  RL=RLnom plane.
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Chapter 7
Overall Conclusion and Future
Problems
7.1 Overall Conclusion
This thesis presents analyses and designs of the class-E switching circuits for WPT
system.
Chapter 2 has been dedicated to the basics of the inductive coupling WPT system.
It has started o with a summary of magnetic induction theory and then delves into
coupling states of coils, which are the loosely inductive coupling and the resonant inductive
coupling. The resonant class-D and -E inverters and the class-E oscillator along with the
injection-lock technique have been introduced as dc-ac inverters. Additionally, the class-D
and -E rectiers have been shown as ac-dc converters.
In Chapter 3, analytical expressions for steady-state waveforms, output power, and
power conversion eciency of the class-E inverter outside the class-E ZVS/ZDS conditions
at a high Q and any duty ratio have been presented, taking into account MOSFET-body-
diode eect. By considering the switch-voltage recovery during the MOSFET body diode
on-state, the applicable parameter range of the analytical expressions is much wider than
that of the previous analytical expressions. By carrying out the PSpice simulations and
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the circuit experiments, it was shown that the analytical predictions agreed with the
simulated and the experimental results quantitatively, which validates accuracy of our
analytical expressions. Additionally, the switching-pattern distribution maps have been
also shown, which can be obtained from the waveform equations.
In Chapter 4, a numerical locking-range prediction for the injection-locked class-E os-
cillator using the phase reduction theory (PRT) has been presented. This high power-
conversion eciency oscillator can be utilized in WPT systems. By applying this PRT to
the injection-locked class-E oscillator designs, the locking ranges of the oscillator on any
injection-signal waveform can be eciently obtained. The locking ranges obtained from
the proposed method quantitatively agreed with those obtained from the simulations and
circuit experiments, showing the validity and eectiveness of the locking-range derivation
method based on PRT.
In Chapter 5, an analytical design procedure and an eciency-enhancement theory for
the loosely inductive coupling (LIC) WPT system with class-E2 dc-dc converter, which
consists of the class-E inverter and the class-E rectier, have been presented. By using
the analytical expressions, it is possible to obtain component values of the class-E2 WPT
system for achieving the class-E ZVS/ZDS conditions. Additionally, the analytical ex-
pressions suggest designers how to determine the component values for power-delivery
eciency enhancement. I proposed that the component values of the rectier are used
for the power-delivery eciency enhancement and the output power is adjusted by the
inverter component values. The analytical predictions agreed with the PSpice-simulation
and experimental results quantitatively, which showed the validities of the analytical ex-
pressions and the design procedure. In the laboratory experiment, the WPT system for
10 cm coil distance achieved 77:1 % power-delivery eciency with 10 W (50 
/22.4 V)
output power at 1 MHz operating frequency.
In Chapter 6, analytical expressions of the class-E2 WPT system at any system param-
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eter have been presented. By considering non-nominal operations of the class-E inverter,
system behavior at any system-parameter set can be expressed accurately. For example,
the output power and the power-delivery eciency as functions of coupling coecient
and load resistance have been given. It was claried from the analytical expressions that
the ZVS condition is always satised when the coupling coecient decreases or the load
resistance increases from the nominal value. Additionally, the switching-pattern distribu-
tion map of the class-E2 WPT system in a parameter space has been illustrated from the
analytical expressions. By using the distribution map, the WPT system achieving the
ZVS at any load resistance conditions can be designed, which is one of the applications of
the analytical expressions. The analytical predictions agreed with the PSpice-simulation
and experimental results quantitatively, which showed the validities of the analytical ex-
pressions.
These results enhance the power-delivery eciency of the WPT systems and give de-
signers the comprehension of system performances. It is expected that the results in
this thesis contribute to ecient-energy usage and comprehensive understanding in WPT
systems.
7.2 Future Problems
There are continuous research topics, which should be addressed in the future. The
following topics are suggested for future works.
1. Output power control for class-E2 WPT system
One of the main objectives of this thesis is the design of the class-E2 WPT system for
enhancing the power-delivery eciency. It is, however, necessary to implement output-
power control circuits for the practical usage of the WPT system. There are several
output-power control techniques for the class-E inverter and the class-E rectier. By using
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the analytical expressions in Chapter 6, system behaviors of the class-E2 WPT system
with output controls may be expressed analytically. Further research and investigation of
the implementation is required for the practical usage of the class-E2 WPT system.
2. Optimal design including coupling part
This thesis focuses on the optimal designs of the power converters. The parameters of the
inductive coupled coils were given as the design specications in this thesis. In the WPT
systems, however, the design of the inductive coupling part is also important for enhancing
the power-delivery eciency. There has been few researches about the optimization of
the whole system. Optimal design of the class-E2 WPT system including coupling part is
one of challenging researches.
3. Implementation of high-frequency WPT systems
In this thesis, the 1 MHz class-E2 WPT system were implemented and demonstrated. The
eciency of the coupling part increases as the operating frequency increases. At higher
frequencies, however, it is necessary to design a complex MOSFET driver circuit for high
power WPT systems. This is a challenging problem. In addition, silicon carbide (SiC) and
gallium-nitride (GaN) high-electron-mobility transistor (HEMT) devices may be suitable
for higher frequency WPT systems instead of MOSFETs. Using these devices leads to a
low power-loss property of the switching devices at high frequencies. The implementation
of these devices for WPT systems is also one of the challenging researches. Of course,
it is also necessary the comparison of the characteristics between the WPT system with
class-E inverter and that with the injection-locked class-E oscillator.
I would like to keep carrying out researches and contribute to accelerating the practical
uses of WPT systems.
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